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§1. Introduction 



Abstract. In this paper we study a generalization 
of the Jacquet module of a parabolic induction and 
construct a filtration on it. The successive quotient of 
the filtration is written by using the twisting functor. 

H 

The Jacquet module of a representation of a semisimple (or reductive) 
Lie group is introduced by Casselman |Cas80| . One of the motivation of con- 
sidering the Jacquet module is to investigate homomorphisms to principal 
£S) . series representations, which is an important invariant of a representation. 

One of the powerful tools to study the Jacquet module of a parabolic 
induction is the Bruhat filtration [CHMOOj. This is a filtration on the 
fNJ . Jacquet module defined from the Bruhat decomposition. Casselman-Hecht- 

Milicic [CHMOO] use the Bruhat filtration to determine the dimension of 
the (moderate-growth) Whittaker model of a principal series representation 
(another proof for Kostant's result). In this paper, we study the Bruhat fil- 
tration and show that the successive quotient is described using the twisting 
functor defined by Arkhipov [Ark04j . If a principal series representation has 
the unique Langlands quotient, then the successive quotient is the induction 
from the Jacquet module of a smaller group (a Levi part of a parabolic sub- 
group). However, in a general case, it becomes "twisted" induction, which 
has the same character as that of an induced representation but has a dif- 
ferent module structure. 

Moreover, we investigate its generalization, this is related to the Whit- 
taker model. In [Cas80], Casselman suggested to generalize the notion of the 
Jacquet module. For this generalized Jacquet module, we can also define 
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a Bruhat filtration and the successive quotient of the resulting filtration is 
described in terms of the generalized twisting functor. 

This result gives a strategy to determine all Whittaker models of a 
parabolic induction. To determine it, it is sufficient to study the succes- 
sive quotients and extensions of the filtration. In a special case, we can 
carry out these steps. 

Now we state our results precisely. Let G be a connected semisimple 
Lie group, G = KAqNq an Iwasawa decomposition and Po = MqAqNq a 
minimal parabolic subgroup and its Langlands decomposition. As usual, the 
complexification of the Lie algebra is denoted by the corresponding German 
letter (for example, g = Lie(G) ®r C). Fix a character r\ of Nq. Then for 
a representation V of G, the generalized Jacquet modules JL(V) and J%(V) 
are defined as follows. 

Definition 1.1. Let V be a finite-length moderate growth Frechet rep- 
resentation of G (See Casselman \Cas89. pp. 391]). We define g-modules 



where V is the continuous dual ofV. 

Let W be the little Weyl group of G and take w £ W. Then the 
generalized twisting functor T w ^ is defined as follows. Let no be the nil- 
radical of the opposite parabolic subalgebra to po and ej.,...,ej be a ba- 
sis of Ad(^)no H no such that each is a root vector with respect to rj 
where f) is a Cartan subalgebra of g which contains oo- Moreover, we 
choose ei such that ©j^^Cej is an ideal of ©j<j Ce^ for all j. Let 
U(g) be the universal enveloping algebra of g and U(g) e ._ T) r e A the local- 
ization of U(g) by a multiplicative set {(e, — rj{ei)) n \ n G Z>o}. Put 
S w , v = (U(g)e t - V (e l )/U(g))0 uis) - ■ ■®u{$){U{g)e l -r l (e l )/U{g)). Then S WtV is a 
g-bimodule. The twisting functor T WtV is defined by T WjV V = 5'«;,r)®i7( ) (wV) 
where wV is a representation twisted by w (i.e., Xv = A&{w)~ l (X) ■ v for 
l£g and v £ wV where dot means the original action). 

Let P be a parabolic subgroup containing AqNq and take a Langlands 
decomposition P = MAN such that Aq D A. Define po E cIq by po(H) = 
(1/2) Tr ad(^T)| no . Let p be a restriction of po on a. An element of o* 
corresponds to a character of A. We denote the corresponding character to 



J'JV) and J*JV) by 
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A + p by e x+p for A € o*. Then for an irreducible representation a of M 
and A € o*, the parabolic induction Indp(<7 ® e x+p ) is defined. Let Wm 
be the little Weyl group of M. Define a subset W(M) of W by W(M) = 
{w G VF | for all positive restricted root a of M, w(a) is positive}. Then 
W(M) is a complete representatives of W/Wm and parameterizes iVo-orbits 
in G/P. For u; G W, fix a lift in G and denote it by the same letter w. 
Enumerate W(M) = {w%, . . . , w r } so that Ui<i XoWjP/P is a closed subset 
of G/P. Using the C^-realization of a parabolic induction, we can regard an 
element of J^(Indp(cr ® e x+p )) as a distribution on G/P. Then the Bruhat 
filtration I { C J£(Indp(ff <g> e x+p )) is defined by 

x G J^(Indp(cr ® e A+p )) suppx C (J NqWjP 

j<i 

Since uij G W(M), we have Ad(uij)(m n no) C no- Hence we can define a 
character w7 r] of mnno by (w~ 1 r/)(X) = rj(Ad(wi)X). Using this character, 

we can define an m0a-module J' ia®e x+p ). Then we have the following 

w- rj 

theorem. 

Theorem 1.2 (Theorem 14.71 Theorem 16. ID . The filtration {Ii} has the 
following properties. 

(1) If the character rj is not unitary, then J^(Indp(cx <8> e x+p )) = 0. 

(2) Assume that r] is unitary. The module Jj/Jj_i is nonzero if and 
only if rj is trivial on W{ NwT 1 n N and J' (a ® e x+p ) ^ 0. 

i ^ 

(S) If h/h-x ± then h/h-x ~ T WitV (U(o) ® u{p) J' x (a ® e A +0) 
where n ac£s J' w _ 1 ^{o~ ® e x+p ) trivially. 

Under the assumptions that P is a minimal parabolic subgroup, a is the 
trivial representation, Indp(cr (g> e A+/9 ) has the unique Langlands quotient 
and r\ is the trivial representation, this theorem is proved in [Abej . The 
proof we give in [Abej is algebraic, while we give an analytic and geometric 
proof in this paper. 

For a module J*(Indp(cr ® e x+p )), we have the following theorem. We 
define two functors. For a [/(g)-modure V, put C(V) = ((U*)f,_fi n i te )* and 
T V (V) = {v £ V I for some k and for all X £ n , (X - V (X)) k v = 0}. 

Theorem 1.3 (Theorem IT.3[) . There exists a filtration = Jo C I\ C 
••• C £ = J*(IndpV® A)) swc/i tfwi li/i^ ~ r^C^^Cfl)®^,,) J*(a® 
e x+p )))) where n acts J*(<7®e A+p ) trivially. 
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We state an application. The space of Whittaker vectors Wh^(L>) is 
defined by Wh v (D) = {x G D | (X - rj(X))x = for all X G n } for a 
[7(3)-module D. If V is a moderate-growth Frechet representation of G, 
an element of Wh^(V') corresponds to a moderate-growth homomorphism 
V — > Ind^ 77 and an element of Wh 7? ((Vft-_fi n i t0 )*) corresponds to an alge- 
braic homomorphism VR-_fi n it e — > I n d£ In particular, when r\ is the trivial 
representation, these correspond to homomorphisms to principal series rep- 
resentations. 

Let S (resp. Em) be the restricted root system for (G, Aq) (resp. (M, Mn 
A))), S + a positive system of £ corresponding to and II C S the set 
of simple roots determined by S + . Put £^ = S« n S + . Let (resp. 
Wm) be the (complex) Weyl group of g (resp. m). Let fx G fj* be the 
infinitesimal character of <7. Let A be the root system of (5, f)). Put = 
^0 /3en^) ^ ^ix a ^-invariant bilinear form (•, •) of do- Using 

the direct decompositions (m n o )* © a* = a* and a* © (rj n m )* = I)*, we 
regard a* C Oq C rj*. Recall that v G (m n ao)* is called an exponent of a 
if + polwnno i s an ( m ^ cio)-weight of cx/(m D no)cr. We prove the following 
theorem. 

Theorem 1.4 (Theorem 18,5} Theorem 18. 121) . For A G a* and an irre- 
ducible representation a of M , the following formulae hold. 

(1) Assume that for allw EW such that v\tuNw- 1 nNo = the following 
two conditions hold: 

(a) For each exponent v of a and a G S + \ w _1 (S^ U Si"), we have 
2{a,X + u)/\a\ 2 g" Z< . 

(b) For all w G W, we have A - w(X + Ji)\ a <£ Z< ((S+ \ S| 7 ) n 
^ 1 S+)| a \W. 

T/ten we have 
dimWh r) ((Ind^(cj © e A+ ^)') 

^2 dimWh^-i^ff'). 

weW(M), v\ wNw -inN Q =1 

(2) Assume that for all w G W\Wm we have (A + /7) — w(X + Jl) £ ZA. 
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Then we have 

dimWh„((Ind£(a ® e A+ OK-finite)*) 

= ^2 dimWh w -i r) ((cr A //nX-finito)*)- 
weW(M) 

In the case that a is finite-dimensional, we have the following theorem, 
which have been announced by T. Oshima (cf. his talk at National Uni- 
versity of Singapore, January 11, 2006). Let Am be the root system for 
(m ffi a, h) and take a positive system A M compatible with E^-. Put pm = 
( 1 / 2 )E Q gA+ a - For subsets 9i,G 2 of n, put S 0i = 1®i n S, W(9 f ) = 
G W | io(e<) C £+}, W ei the Weyl group of £ 6i and W(0i, 2 ) = 
{w; G W(0i) n W{Q 2 y l | w(SeO n £ 02 = 0}. The parabolic subgroup P 
defines a subset of IT. We denote this set by 0. 

Theorem 1.5. Assume that a is an irreducible finite- dimensional rep- 
resentation with highest weight v . Let dimju(A + v) be the dimension of 
a finite- dimensional irreducible representation of MqAq with highest weight 
X + u. 

(1) Let V be the highest weight of a. Assume that for all w G W such 
that T]\ W N oW -i n N Q = 1 the following two conditions hold: 

(a) For all a G S + \w _1 (S^UE^") we have 2(a, X+wqv) /\a\ 2 g" Z<o- 

(b) For allw eW we have A - w(A + V + pM)\ a Z< ((S + \ T, M ) n 
^- 1 S+)| a \{0}. 

Then we have 

dimWh,(/(o-,A)') = #W(supp7/,9) x (dim M (A + ?)) 

(2) Assume that for all w G W \ W M , (X + u) - w(X + v) £ A. Then 
we have 

dimWh^((J(a, A) A -_ finitc )*) 

= #W(suppr], 0) x #W snppr , x (dim M (A + v)) 

We summarize the content of this paper. In £J21 we introduce the Bruhat 
filtration. From Sj2] to $6] we study the module J^(Indp(<7 (g) A)). In £}3] we 
prove the successive quotient is zero under some conditions. The structure 
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of the successive quotients is investigated in iJD We give the definition and 
properties of the generalized twisting functor in S|5] and, in £j6] we reveal 
the relation between the twisting functor and the successive quotient. We 
complete the proof of Theorem 11.21 in this section. Theorem 11.31 is proved 
in $71 In fJHl the dimension of the space of Whittaker vectors is determined 
and Theorem 11.41 and Theorem 11.51 are proved. 
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Notation 

Throughout this paper we use the following notation. As usual we denote 
the ring of integers, the set of non-negative integers, the set of positive inte- 
gers, the real number field and the complex number field by Z, Z>o,Z>o,IR 
and C, respectively. Let G be a connected semisimple Lie group and g the 
complexification of its Lie algebra. Fix a Cartan involution 9 of G and de- 
note its derivation by the same letter 9. Let g = 6 ffis be the decomposition 
of g into the +1 and —1 eigenspaces for 9. Set K = {g G G \ 9(g) = g}. 
Let Pq = MqAqNq be a minimal parabolic subgroup and its Langlands 
decomposition such that Mq C K and Lie(^4o) C s. Denote the complex- 
ification of the Lie algebra of Pq,Mq,Aq,Nq by po, mo, do, no, respectively. 
Take a parabolic subgroup P which contains Po and denote its Langlands 
decomposition by P = MAN. Here we assume A C Aq. Let p,m, o, n 
be the complexification of the Lie algebra of P, M, A, N . Put Po = 0(Po)> 
iVo = 9(N ), P = 9{P), N = 9(N), p^ = 9(p ), = 0(tt o ), p = 9(p) and 
n = 0(n). 

In general, we denote the dual space Homc(V, C) of a C-vector space 
V hy V*. Let £ C Oq be the restricted root system for (g, do) and g a the 
root space for a <G X. Then XloeE^ a ^ s a rea ^ f° rm °f a o- We denote 
the real part of A G aj with respect to this real form by Re A and the 
imaginary part by ImA. Let S + be the positive system determined by 
no- Put po = J2aeY,+ (dimg Q /2)a and p = po\ a . The positive system S + 
determines the set of simple roots II. Fix a totally order of X^aes ^ a suc ^ 
that the following conditions hold: (1) If a > (5 and 7 € 2~^ Qe s^ a then 
a + 7 > (3 + 7. (2) If a > and c is a positive real number then ca > 0. 
(3) For all a G S + we have a > 0. Write IF for the little Weyl group for 
(g,ao), e for the unit element of W and u>o for the longest element of W. 
For w G W, we fix a representative in iVft-(a) and denote it by the same 
letter w. 

Let to be a Cartan subalgebra of mo and To the corresponding Cartan 
subgroup of Mo. Then f) = to © 00 is a Cartan subalgebra of g. Let A be the 
root system for (g, fj) and take a positive system A + compatible with S + , 
i.e., if a G A + satisfies that a]^ 7^ then a\ ao G S + . Let g^ be the root 
space of a G A and W the Weyl group of A. Put p = (1/2) J2 a eA+ a - ^ 
the decompositions (m n ao)* © a* = Oq and tg © a-Q = fj*, we always regard 

O* C Oq C f)*. 
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We use the same notation for M, i.e., £jy/ be the restricted root system 
of M, £+ = S M nS+, W M the little Weyl group of M, A M the root system 
of M, A M = Am n A + , Wm the Weyl group of M and wm,o the longest 
element of Wm- 

We can define an anti-isomorphism of U(q) by X i— > —X for X £g. We 
write this anti-isomorphism by u i— > u. 

For a cj-module V and g £ G, we define a g-module as follows: The 
representation space is V and the action of X G g is X • t> = (Ad(g , ) _1 X)u 
for v E gV. 

For e = (^,...,e,) ez i , put iei = & + ■••+&. 



§2. Parabolic induction and the Bruhat filtration 

Fix a character 77 of no and put supp G 77 = suppr/ = {a G II | r/| ga ^ 0}. 
The character 77 is called non- degenerate if suppr/ = II. We denote the 
character of Nq whose differential is 77 by the same letter 77. 

Definition 2.1. Let V be a finite-length moderate growth Frechet rep- 
resentation of G (See Casselman \Cas89i pp. 391]). We define g-modules 
J'^V) and J*{V) by 

1 , . _ J , For some k and for all X £ no, \ 
M V )-\ vEV (X - n(X)) k v = /' 

r *, T ^ f /-rr For some k and for all X e no , 1 

J V (V) = ^Ve (^-finite) {x _ v{x))kv = Q I , 

where V is the continuous dual ofV. 

Put J'(V) = J' Q (V) and J*(V) = Jq(V) where is the trivial represen- 
tation of no- The module J*(V) is the (dual of) Jacquet module defined by 
Casselman [Cas80]. By the automatic continuation theorem [Wal83, The- 
orem 4.8], we have J'(V) = J*(V). The correspondence V 1— > JL(V) and 
V 1— > JZ{V) are functors from the category of G- modules to the category of 
0-modules. 

In this section, we study the module JL(V) for a parabolic induction V. 
An element of 0* is identified with a character of A. We denote the character 
of A corresponding to A + p by e x+p where A G a*. For an irreducible 
moderate growth Frechet representation a of M and A € a*, put 

I(a, A) = C°°- lnd$(a ® e x+p ). 
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(For a moderate growth Frechet representation, see Casselman [Cas89] .) The 
representation I(a, A) has a natural structure of a moderate growth Frechet 
representation. Denote its continuous dual by I(a, A)'. 

Let C be a vector bundle on G/P attached to the representation <7®e A+p 
and C be the continuous dual vector bundle of C. 

Remark 2.2. A G°°-section of C corresponds to a cr-valued C°°-function 
/ on G such that f(gman) = ^m^e'^+P^ 10 ^ f(g) for g G G, m G M, 
a G A, n G N . In particular a C°°-function on G/P corresponds to a right 
P-invariant C°°-function on G. We use this identification throughout this 



We use the notation in Appendix lAl We can regard J'(I(a,X)) as a 
subspace of V'(G/P,£). Set W(M) = { w e W \ ) C £+}. Then it is 

known that the multiplication map W(M) x Wm ~ > W is bijective |Kos6H 
Proposition 5.13]. By the Bruhat decomposition, we have 



(Recall that we fix a representative of w G W, see Notation.) Enumerate 
W(M) = {w\, . . . , w r } so that (J Xi N WjP/P is a closed subset of G/P for 
each i. Then we can define a submodule Jj of J' (I (a, A)) by 



The filtration {Jj} is called the Bruhat filtration [CHMOO]. In the rest of 
this section, we study the module Put Ui = w-iNP/P and Oj = 

NoWiP/P. The subset C/j is an open subset of G/P containing Oi and 
Ui fl Oj = if j < i. Hence, the restriction map Resj : L L — > T>(Ui, C) induces 
an injective map Resj : Jj/Jj_i — ► V(Ui,C). Moreover, ImResj C To^Ui, C). 
We have T 0l (Ui,C) = {7(Ad(wj)n n tt) (8c ^"(Oi,£|oJ by Proposition El 

Notice that by a map n \— > nwiP/P we have isomorphisms WiNw^ 1 ~ C/j 
and WiNw^ 1 D Ao ~ Oj. Fix a Haar measure on WiNw' 1 n Ad. Then we 
can define <5j G P'(Oj,£|o 4 ) by 



for <£> G C^°(Oi, £\c>i)- By the exponential map Ad(u7j) Lie(A) — > WiNw i 1 
and diffeomorphism WiNw^ 1 ~ t/j, f/j has a vector space structure and 



paper. 



G/P = |J N wP/P. 



wew(M) 
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Oi is a subspace of Ui. Let V{Oi) be the ring of polynomials on Oj (cf. 
Appendix IA.3I or [CG90J). Define a C°°-function rji on by rji(nwiP/P) = 
77(71) for n G W{Nw^ n A^. For a C°°-function / on 0{ and u' G a', we 
define / ® «' G C 00 (O i ,<r') by (/ ® u')(a?) = /(x)w'. Since G W(M), 
Ad(u7j)(m fl no) C no- Hence we can define a character w~ rj of m n no by 
(w~[ rj){X) = rj(Ad(wi)X). Using this character, we can define the Jacquet 
module J' _-, (a ® e x+p ) of Mvl-representation a ® e A+p . This is an m a- 

module. Put 



^ = iE2fc(((/*»7r 1 )®«*)«5< 



.fc=l 



T fc G C/(Ad(^)n n n), / fc G 7>(0<), 
< G J' _! (<r ® e x+ P) 



The space I[ is a [/(g)-submodule of V'(Ui,C). Our aim is to prove that if 
i satisfies some conditions then Ii/Ii-i ~ J|. 

Lemma 2.3. Xe£ E\, . . . , E n be a basis of Ad(u>j)n n no such that each 
E s is a restricted root vector for some root (say a s ) and F G (Ad(wj)n fl 
no) © Ad(itfj)(m fl no). (Notice that Ad(u>j)(m fl no) = Ad(u;j)m n no since 
Wi G W(M), so (Ad(wj)n n n ) © Ad(wi)(m n n ) = Ad(u/i)(n © m) n n is 
a subalgebra of g.) For £ = . . . , £„) G Z| , set E* = E^E^ 2 ■ ■ ■ E& . 

T/ien /or all c £ C we have 



[{F-c) k ,E^} G C^' C/((Ad(^)nnno)©AdK)(mnn )) 

C [/(Ad(>i)(nffi (mnn ))) 
wfcere A(£) = {£' G | < or = |£| end < 

Proof. We may assume k = 1. We prove the lemma by induction on 
|£|. We have 

n 6-1 

[f - c, iS*] = [F, = £ £ • • • Et^EHF, E s ]El^E^ • - • Efr. 

s=l 2=0 



Hence, it is sufficient to prove 



g[ C^' J J7((Ad(iUi)nnno)® Ad(«;i)(mnno)). 
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We may assume that F is a restricted root vector. If [F, E s ] G Ad(u>j)n PI rio 
then the claim hold. Assume that [F, E s \ G (Ad(u>j)n n no) © Ad(wj)(m PI 
n ). PutC (1) = (£i,...,6_i,Z,0,...,0) GZ"ande (2) = (0, . . . , 0, & - I - 
1) 6s+i> • • • ) Cn) ^ Using inductive hypothesis, we have 

E^[[F,E S ],E^} 

G Et W I CE? ) L7((Ad(^)n n n ) © Ad( Wi )(m n n )) 



c 



^ C^' I U{(Ad( Wi )ri n n ) © Ad(t«i)(m n n )) 



C CE? L7((Ad(u>i)nnno) © Ad(^)(mPn )) 

On the other hand, we have 

E^E^[F,E s ]e( £ ^')[F,E S } 
\\t>\<\cw+tm\ J 

C ^ CE^' (Ad(u>j)nnn ) © Ad(wi)(mnn ). 

W|<K (1) -K (2) I / 

Since \^ + ^\ = |£| - 1 < |£|, we get the lemma. □ 

Let X be an element of the normalizer of Ad(u;j)tT D no in g. For / G 
C°°{Oi) we define A(A)/ G C°°(Oi) by 

(Di(X)f)(nwi) = j t f(exp(-tX)nexp(tX) Wl 



t=o 



where n G WiNw i 1 PI Nq. 

Lemma 2.4. Fix f G C°°(Oi), u' G (a <8> e A+p )' and A G 0. 
(%) If X E do, then X normalizes Ad(u>i)nPino and we aai>e 

A((/ © «')<*») = ((A(A)/) © «')<5i + (/ © ((AdK)- 1 ^)^))^ 

+ (wiPo - Po)(X)(f ® u')6i. 
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(2) If X G Ad(wi)(mnno) or X G mo, then X normalizes Ad(u)j)nnno 
and we have 

X((f u')5i) = ((Di(X)f) ® u')«*i + (((Ad(wiy l X) U ') <g> 



Proof. Let X be as in the lemma. First we prove that X normalizes 
Ad(tt>i)rTnno. If X G mo + ao, then X normalizes each restricted root space. 
Hence, X normalizes Ad(wj)nnno. If X G Ad(itfj)(mntlo), then X G no since 
Wi G W(M). Hence, X normalizes no- Since m normalizes n, X normalizes 
Ad(tt>;)n. 

Put g t = exp(tX). Take (p G C^°(Ui,C) and we regard </? as a a- 
valued C°°-function on WiNP (Remark I2.2[) . Since Wigtw^ 1 G P, we have 
^(xu^wr 1 ) = a{w i g t w~ 1 )- 1 ip{x). Put Z)(i) = |det(Ad(5fi)" 1 | Ad(Wi) nnn (J )l- 
Then 



(X((f ® n')5i), <p) = ((/ (8 -*<P) 
u'(cp(g t nwi))f(nv)i)dn 



d 
dt 



WiNw- CiNq 



t=Q 



d_ 

dt 

d 
dt 

d 
dt 

d_ 

dt 



WiNw- '-nNo 



u'(ip((g t ng t 1 )w i {w i 1 g t w i )))f(nw i )dn 



t=o 



WiNw- nNo 



u'{a(w i g t Wi) ip((g t ng t )wi))f(nwi)dn 



t=o 



u'(a(w i 1 g t w i ) 1 tp{nw i ))f(g t 1 ng t w i )D{t)dn 



w i Nw~ 1 nN 



t=0 



((w { 1 g t Wi)u'){(p(nw i ))f{g t 1 ng t w i )D(t)dn 



WiNw, L nN 



t=0 



This implies 

X((f ® u%) = ((Di(X)f) ® u')8i + (/ ® ((Ad{w i y 1 X)u'))5 i 



+ ^|det(Ad(5t) Vd^nnn) 



((/ ® u')Si) 



t=0 



(1) Assume that X G Oq. Since Wi G W(M), we have WiNw i 'nJVi 



o 



WiNowr 1 n N . This implies that det(Ad(^)- 1 | A dK)nnn ) = e t{ - w ^-P^ x \ 
(2) First assume that X G mo- Since g i— > det(Ad((7) _1 |Ad(wi)nnno) * s 
1-dimensional representation, it is unitary since Mq is compact. Hence we 
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have |det(Ad(<7() 1 |Ad(ii) i )nnn )l = 1- Next assume that X G (Ad(iUj)mnno). 
Then ad(X) is nilpotent. Hence, Ad(<?t) — 1 is nilpotent. This implies 
det(Ad(5 t )- 1 | Ad(u , i)Tinno ) = 1. □ 

Lemma 2.5. Let x G Tq. (Ui,jC). Assume that for all X G Ad(wj)p n no 
there exists a positive integer k such that (X — n(X)) k x = 0. Then x G l[. 
In "particular we have ImReSj C IL 

Proof. Let E s and a s be as in Lemma l2?3l For £ = (£i,£2, • • • ,Cn) € 
Z^ , set E* = E^Ef . . . Et. Since x G T 0l (Ui,C) = U(Ad( Wi )n n n ) ® 
T(Oi,C), there exist x^ G T(Oj,£) such that x = £^ F^x^ (finite sum). 

First we prove xg G (P(Oi)i]~ 1 ® (cr ® e A+p )')<5j by backward induction 
on the lexicological order of (|£|, ^ s £sO<s)- Fix a nonzero element F G 
AdK)nnn . Then (F-?7(F)) fc x = £ ? [(F - 77(F))*, F«](x ? ) + £ € F«((F - 
n(F)) k x^). Assume that (F — rj(F)) k x = 0. Define the set A(£) as in 
Lemma 12.31 By Lemma 12.31 we have 

£ F«((F - r/(F)) fc x 5 ) = -£[(F - n(F)) k ,EZ](xs) 

gW ^ CF 5 ' ) [/((Ad^n n n) Ad(u>i)(m n n ))(x 5 ). 

Put F(£) = {£' | > lei or = |£| and ££a. > Notice that 

[/((Adjiu^nn) © Ad(iBi)(mntio))(s{) G T(0;,£). Since T 0l (Ui,C) = 
U(Ad(wi)nn n) ®c T(Oj,£|oJ, we have 

(F — n(F)) k x£ G C/((AdK)nnn)eAdK)(mnn ))(x $ /). 
5'eB(S) 

By inductive hypothesis, x ? / G {V(Oi)ri~ l ® (a ® e A+/3 )')5j for all £' G £(£). 

Hence we have (F - r/(F)) fc x f G ^(O^r/" 1 ® (cr ® e A+p )%. Therefore 

x ? G (^(Oj)??" 1 ® (cr ® e A+p )')5i by Corollary [QJ 

Hence, we can write x = YJ^ F^ Yliifi,^ 1 ® n £ 2)^ (finite sum), where 
G V(Qi) and G (a ® e A+p )'. Moreover, we can assume that is an 

ao-weight vector with respect to L>j and {f% t i}i is lineally independent for 

each £. We prove J' _ x (cr ® e A+p ). Take F G n n m. By Lemma [2^1 
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we have 

{Ad( Wi )F - r](Ad(wi)F)) k x 

= ^2[(Ad( Wi )F - r,(Ad(w t )F)) k ,E^((f uV - 1 ® u'^) 




(F - 77(Ad(wj)F)) p (u^))5i. 

Now we prove u'^ E J^_ 1 ^(<7 <8> e A+p ) by backward induction on the lexi- 
cological order of (|£|, ^ £ s c»! s , — wt /^) where wt is an do-weight of 
with respect to D{. Take A; such that (Ad(wi)F — r](Ad(wi)F)) k x = 0. Then 
we have 

/^®(F-r/(AdK)F)) fe (n^ 

G ^ C/((Ad(w 4 )nnn ) Ad(w i )(mnno))((4;r/ J " 1 
»7eB(e),/ 

+ E E(((^( Ad ^) F )) p ^''^ rl ) ® (^(CF)<,/))<yi. 

wt f v ,l'< wt fz,l p 

By inductive hypothesis, we have (F — r](F)) k u'^ l £ J' _ x (a e A+p ). This 
implies that uU/_, (a <g> e A+p ). □ 

In fact, we have ImResj = V i under some conditions. This is proved in 
Section [H 

§3. Vanishing theorem 

In this section, we fix i € {1, 2, . . . , r} and a basis {ei, e2, • • • , e{\ of 
Ad(u>j)nn no- Here we assume that each is a restricted root vector and 
denote its root by a, t . 

By the decomposition 

AV^o, N ] - ((wiPwr 1 n N )/(w i Pw7 1 n [N , N ])) 

x ((wiNwr 1 n A^V^A^r 1 n [No, No])) 

where [•, •] is the commutator group, we can define a character rj' of No by 
rj'{n) = rj{n) for n G WiPw^ 1 n Ag and r/(n) = 1 for n € WiNw~ l PI Aq. 
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Lemma 3.1. Let X G no- Then for all x G I[ there exists a positive 
integer k such that (X — n'(X)) k x = 0. 

To prove this lemma, we prepare some notation. For X G Ad(wi)n n no, 
we define a differential operator R[{X) on Ot by 

{R^X)<p){nWiP/P) = ^-<p(nexp(tX) Wi P/P) 

where n G WiNw^ 1 D Nq. (Recall that WiNw^ 1 PI Nq ~ Oj by the map 
n i— ► nwiP/P.) 

For X G g, we define a differential operator Ri(X) on WiNP by the same 
way, i.e., for a C°°-function <p on WiNP, put 

{Ri(X)ip)(pwi) = ^-(f(pexp(tX)wi) 

dt t=o 

for p G Wi,N Pw^ 1 . Notice that even if cp is right P-invariant, Ri(X)(p is not 
right P-invariant in general. 

Since R[ (resp. Ri) is a Lie algebra homomorphism, we can define a 
differential operator R\{T) (resp. Ri{T)) for T G L r (Ad(w i )n n n ) (resp. 
T G U(g)) as usual. For T G [/(g), f G C7°°(O i ) and u' G (a (A + p))', we 
define 5i(T,f,u') G V' ^{Ui,C) by 



{5i(T, f,u'),(p) = / f(nwi)u'((Ri(T)ip)(nwi))dn 
Jw i Nw i 1 nN 

where <£> G C£°(Ui,£) and we regard (^asa function on WiNP (Remark I2.2|> . 
The following lemma is easy to prove. 

Lemma 3.2. We have the following properties. 

(1) ForXeAd^nnno, 5i(XT, f,u') = 5i(T,R' i (—X)(f),u'). 

(2) For X G Ad(u?j)p, 6i(TX,f,u') = 6i(T J, Adiw^Xu'). 

(3) The map C°°{0.i) <8>[/( A dK)nnn) C(fl) ®r/(Ad(tt0tf ® eA+P )' ~> 
T>'(Ui, Oi,C) defined by f ® T eg) u' i— » <5j(T, /, it') is injective. 

Lemma 3.3. Zei {e^} 6e a fraszs of Ad(u>j)n (1 no smc/i t/iai ej is a re- 
stricted root vector, a» i/ie restricted root for ej, T, T' G f/(g), / G C°°(Oj) 
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and v! G (a ® e A+p )'. T/ien we have 
T5 t (T',f,u') 

= Yl S i ((ad( e/ ) fc '•••ad( el ) fcl ^)T^/^^ £ ^ 1 ^ , ) > 

(ki,...,k,)eZ'> V s=l s ' / 

where X{ is a polynomial on Oi given by exp(aiei) • • • exp(aiei)wiP/ P \— > a{. 
(Notice that the right hand side is a finite sum since ad(ej) is nilpotent.) 

Proof. We remark that by a map (a±, . . . ,ai) \— ► exp(aiei) • • • exp(a/e/), 
we have a diffeomorphism M. 1 ~ WiNw^ 1 n No and a Haar measure of 
WiNw^ 1 n Ao corresponds to the Euclidean measure of M. 1 . Take <p € 
C£°(wiNP, (T®e A+p ). Put n(a) = exp(aiei) • • • exp(a;e;) for a = (a±, . . . , a/). 
Recall the definition of T from Notation. For T £ g, we have 



/ 



t=0 



{T6i(r,f,u'),<p) 

u'((fR i (T')i P )(n(a)w i ))f(n(a)w i )da 
d f 

= — u'(R i (T')i P ){exp{tT)n(a)w i ))f(n(a)w i )da 

= — u'((R i {T') V ){n{a)exp{tAd{n{a))- 1 T)w i ))f(n(a)w i )da 
at Jm. 1 

The formula 

Ad(n(a)) _1 T = e~ ad ( a ' e <) ■ ■ ■ e~ ^(^T 

(fcl,...,fci)6Z J > 

gives the lemma. □ 

For k = (h, . . . , ki), we denote an operator ad(e;) fc ' • • • ad(ei) fcl on g by 
ad(e) k and a function ((- Xl ) kl /hi) • • • ((-a^W) G b Y /k- 

Lemma 3.4. Zei k = (ki,...,ki) G Z> and X G no- Assume that 
ad(e) k X G Ad(^)n n n . T/ien we have i?-(ad(e) k X)/ k = 0. 

Proof. We may assume that X is a restricted root vector and denote its 
restricted root by a. We consider an oo-weight with respect to Dj. An ao- 
weight of /k is — J2 S k s ct s . This implies that i?£(ad(e) k X)/k has an ao-weight 
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a. However, V{Oi) has a decomposition into the direct sum of Oo-weight 
spaces and its weight belongs to {X] / 3ge+ bpP \ bp G Z<o}. Hence, we have 
^(ad(e) k X)/ k = 0. □ 

For / G ViOi) and X G n we define L x {f) by 



Lx(f)(nwi) = —f(exp(-tX)nwi 



Lemma 3.5. Let X G no be a restricted root vector. For f G V(Oi) and 
u' G J' _i (a <g> e x+p ), we have 



(X-r / / (X))^(l,/ ?7 ,r 1 ,n') = ^(l,L x (/)r / r 1 ,n / ) 
+ E ^(l ! // k r 7 r 1 ,(Ad( ? i; i )- 1 (ad(e) k X)-V(ad( e ) k X)y)- 

ad(e) k XeAd(«Ji)nonno 

(Again the sum of the right hand side is finite.) 
PROOF. We have 

X6 i (l,f V - 1 ,u')= £ ^(ad^X,//^ 1 ,^). 
kez ! > 

by Lemma 13.31 Since ad(e) k X belongs to no and is a restricted root vector, 
we have either ad(e) k A G Ad(wj)no fl no or ad(e) k A G Ad(u>j)no n no- 
Recall that Ad(wj)no n no = Ad(u>j)n n no since Wi G W(M). Assume 
that ad(e) k A G Ad(wj)n D no- By the definition of and 77', we have 
^(-ad(e) k A)(r ? r 1 ) = ? ? (ad(e) k A)r ? r 1 = 7 y / (ad(e) k X)ryr 1 . Hence, using 
Lemma 13. 



^(ad^X, // k r/rV) 
= < 5 J (l,^(-ad(e) k A)(// k , ? - 1 ),n / ) 

= 6i(l, R' t (- ad(e) k A)(/)/ k r ? r 1 , n') + ^'(ad^X)^^ ff^\u'). 

Next assume that ad(e) k X G Ad(w i )nonn . For h G V(Oi), define h G P(Ui) 
by h{nriQWiP) = h(nwiP) for n G WiNw^ 1 fl iVo and no G WiNw^ 1 fl 

iVo. Then we have R'i{Y)h = Ri(Y)h for all F G Ad(^)no" n n . Since 
f(pnwi) = f(pwi) for p G WiNPw^ 1 and n G WiN^wJ H No, we have 
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i?i(-ad(e) k X)(/) = 0. Hence we have 

^(ad^XJ/kr/rV) = ^(l,// k 77r 1 ! AdK)- 1 (ad(e) k X)n / ) 
= ^(l,^(-ad(e) k X)(7)| 0i / k r 7 r 1 ) u / )+ 

^(l,//kr?- 1 ,AdK)~ 1 (ad(e) k X)n') 

By the same calculation as the proof of Lemma 13.31 we have 
M/) = L x (f) = Y, R t {-^{efX)(J)%. 



kez{ >0 



Hence 

^ ( 5 J (l,^,(-ad(e) k X)(7)| 0i / k r ? r 1 ,n / ) = 5,(1, LxXf)\o^\u') 
keZ >o 

= 5 i (l,Lx(/H- 1 ,n'). 

These imply that 

(X - 7/(X))<5;(l,/7?rV) = SiO-,L x (f)r,z\u') 

+ E /^r 1 . AdK)- 1 (ad(e) k X)n / ) 

ad(e) k XeAd(«Ji)nonno 

+ ^ r ? / (ad(e) k X)5 4 (l,// k 7 ? r 1 , u ') 

ad(e) k XeAd(tUi)nnno 

-r ] '{X)8 i {lJr 1 -\u'). 

Since rf is a character, if k ^ (0, . . . , 0) then r/(ad(e) k X) = 0. Hence we 
have 

Y r/iadiefXMl, //k^V) = v'(X)5 t (l, /fjf 1 , «')• 

kGZ| Q 

This implies 

Y r ? '(ad(e) k X)^(l,// k r ? r 1 , u / )) - rf (X)5 i (l, fr,r\ u') 

^ad(e) k XeAd(iOi)nnno / 

Y r ? '(ad(e) k )^(l,// k 7 ? ri, u '). 

ad(e) k X e Ad(u); ) no nno 

We get the lemma. □ 
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PROOF of Lemma 13.11 Since ad(no) acts g nilpotently, the subspace 

{x G Jj | for some k and for all X G n , (X - rj(X)) k x = 0} 

is g-stable. Hence we may assume that x = ((J??" 1 ) Cg u')5i = 5i(l, frj^ 1 ,u') 
for some / G V(Oi) and u' G J' _ a (a <g> e A+p ). 

Set V = C/(Ad(w i ) _1 n n n )u' where n acts J' _ 2 (er 8) e A+p ) trivially. 

Then 1/ is finite-dimensional. By applying Engel's theorem for V®(— rf), 
there exists a filtration = Vo C Vi C ■ • • C K p = y such that (V s /V s -i) ® 
(— Wj" 1 r/ / | Ad ( u , j )-i nonno ) is the trivial representation of Ad(tfj)~ 1 nonno. Then 

we have V s /V s -\ ~ ^7 ^'lAd^-inontio for all s = 1, 2, ... ,7?. We prove the 
lemma by induction onp = dimTA 

We may assume that X is a restricted root vector. By Lemma 13.51 we 
have 

{X-r 1 \X))8 i {lJr } r\v!)e8 i {l,L x {f)r 1 r\u') 

Since / is a polynomial, there exists a positive integer c such that (Lx) c {f) = 

0. Then (X - r/(X))^(l JryrV) G E^o,),^-! ^ H r V)- % 
inductive hypothesis the lemma is proved. □ 

Prom the lemma, we get the following vanishing theorem. Recall that 
we define the character w" 1 ^ of m n n by (w^rfiiX) = V (Ad( Wi )X). 

Lemma 3.6. Assume that Jj/ij_i 7^ 0. Then the following conditions 
hold. 

(1) The character r) is unitary. 

(2) The character 77 is zero on Ad(u>j)n H no- 

(3) The module J 1 _ x (a (g> e A+p ) is not zero. 

Proof. (2) By Lemma |3~T1 and the definition of J' if h/h-i 7^ then 
77 = 77'. By the definition of 77', 77 = 77' is equivalent to ?7lAd(tOj)nnn = 0- 
(3) This is clear from Lemma 12.51 

(1) It is sufficient to prove that if 77 is not unitary then JL(V) = for all 
irreducible representation V of G. By Casselman's subrepresentation theo- 
rem, V is a subrepresentation of some principal series representation. Since 
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is an exact functor, we may assume V is a principal series representation 
Ind^Oo ®e Xo+po ). 

Take the Bruhat nitration {Jj} of J'(V). We prove Jj/Jj_i = for all i. 
By (2), if r\ is non-trivial on WiNqw^ 1 H A"o then = 0. Hence we may 

assume that ry is not unitary on WiNqvuT' 1 Pi Nq. In this case, an nonzero 
element of II is not tempered. Hence =0. □ 

Remark 3.7. In the next section it is proved that the conditions of 
Lemma 13.61 is also sufficient (Theorem I4.7p . 

Definition 3.8 (Whittaker vectors). Let V be a U (no) -module. We 
define a vector space Wh^(V) by 

Wh 7? (F) = {v G V | for all X G n we have Xv = rj(X)v}. 

An element of Wh v (V) is called a Whittaker vector. 

Lemma 3.9. Assume that ^lAdfiu^nnno = 0- Then we have 

wh, ^ jj^r 1 u '^ Si 1 fs G p(0i) ' u '° G J '^ a ® &X+P) 

= {(C 1 ® I G Wh^x^a ® e A ^)}. 

Proof. By the assumption, we have rj = rj'. Hence the right hand side 
is a subspace of the left hand side by Lemma 13.51 

Take x = EMsVi 1 ®<) = Y. s ^hfsV~\<) G Wh^/0. We as- 
sume that {u' s } is linearly independent. Take X G Ad(wj)n n no- Since 
ad(e) k X G Ad(^i)nnn for all k G Z'> , we have $(1, Lxifs)^ 1 , <) = 
by Lemma [331 Hence Lx{f s ) = 0. This implies / s G C. 

From the above argument, x = 6(1, r/7 1 , u') for some u' G J' _i (a <g) 

e x+p ). Take X G Ad(wj)mnno. By Lemma [331 we nave 

ri7\ (AdK)" 1 ^ " »7P0K) G E <*i(l>/k»7f\uk). 

w. v 

If k ^ then the degree of /k is greater than 0. So the left hand side must 
be 0. Hence we have (Ad(u>j) _1 X — rj(X))u' = 0. We have the lemma. □ 

The following lemma is well-known, but we give a proof for the readers 
(cf. Casselman-Hecht-Milicic |CHM00| . Yamashita [Yam86j ). 
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Lemma 3.10. Assume that suppn = IT. Let x G Wh„(I(o~, A)'). Then 
there exists v! G Wh UJ -i r? ((o" <g> e x+p )') such that x = (r?" 1 (g> u')5 r . 

Recall that r = #W{M) = #(W/W M )- 

Proof. Assume that i < r. Then WiWM,o is not the longest element 
of W. There exists a simple root a G IT such that s a WiWM,o > WiWM,o- 
This means that WiWM,o^ + H S + = s^SaWiWMfi^ H S + ) U {a}. The left 
hand side is \ S^) n S + . Hence, rj is not trivial on Ad(u>j)n n no- 

By Lemma [3.61 = 0. This implies that J! q {I{a,X)) C There 

exists a polynomial f s G V(X r ) and u' s G J^_i (cr (g> e A+p ) such that x = 

^^((/s 7 /^ 1 ) ® u 's)$r- By Lemma I3T91 we have the lemma. □ 

§4. Analytic continuation 

The aim of this section is to prove that ImResj = I[ if Ii/Ii-i ^ 0. 

Let Pjj be the parabolic subgroup corresponding to supp r/ C II contain- 
ing Pq and Prj = M V A V N V its Langlands decomposition such that A v C Aq. 
Denote the complexification of the Lie algebra of P v , M v , A v , N v by p v , m^, 
a v , n v , respectively. Put l v = m v ® a v , = 6(N V ) and = 6(n v ). Set 
S | = {J2aesu PPV n » a G S+ | n Q G Z> } and E~ = -E+. The same nota- 
tion will be used for M with suffix M, i.e., Pm^ = Mm^Am^Nm^ is the 
parabolic subgroup of M containing M fl Po corresponding to supp?] fl , 
Pm,ri = Ttim,r) © &m,ri © "m,r; is a complexification of the Lie algebra of Pm,t] = 
Mm,tiAm,tiNm,t)- 

For w G W, there is an open dense subset wNP/P of G/P and it is 
diffeomorphic to A. Then for w, w' G W, there exists a map <& ww i from 
some open dense subset U C A to iV such that wnP/P = w'$ WtW >(n)P/P 
for n GU. The map is a rational function. 

Since the exponential map exp: Lie(A) — > A is diffeomorphism, A has 
a structure of a vector space. 

Lemma 4.1. (%) The map A — > R defined by n ^ e 8 ^^' is a 
poZt/norma/. 

(ty For aline N we have e^ H ^ > 1. 

f5) Take Hq G o stjc/i that o(Hq) = —1 /or all a G II \ Em. There 
exists a continuous function Qin) > on A suc/i i/iai i/ie following 
conditions hold: (a) The function Q vanishes only at the unit element, 
(b) e 8 P( H ^ > Q(n). (c) Q(exp(tH )nexp(-tH )) > e 8t Q(n) for 
t G M>o and n G A. 
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Proof. By Knapp [KnaOH Proposition 7.19], there exists an irreducible 
finite-dimensional V± p of g with the highest weight 4p G Oq C fj*. Let 
t>4 P G V4 P be a highest weight vector and v*_ ip G V^* p the lowest weight 
vector of V£ p . Then Cv^ p is a 1-dimensional unitary representation of M. 
Take n £ N and decompose n = /can where k £ K, a £ Aq and n £ Nq. 

First we prove (1). We have 9(n)~ l n = 6{n)~ l a 2 n. Hence 

(0(n) _1 n«4p,wl4p) = (0(ra)~ 1 a 2 ra>4p,v*4p) 
= {a 2 nv Ap ,6(n)v*_ Ap ) 

The left hand side is a polynomial. 

Next we prove (2) and (3). Fix a compact real form of containing 
Lie(-KT) and take an inner product on V Ap which is invariant under this com- 
pact real form. We normalize an inner product || • || so that ||«4p|| = 1. Then 
we have ||nu4 p || = ||fcara>4p|| = ||at>4 P || = e 4p ^^ n ^||u4 p || = e ip ^ H ^ n '\ For 
v G \)* let Q u (n) G V4 P be the z^-weight vector such that nv4 p = ^2 v Qu(n). 
Then we have e 8 ^ 11 ^ = ^2 u \\Qv{n)\\ 2 . Since Q ip {n) = v 4p , we have 

e Sp(H(n)) > x 

Put Q(n) = Y,weW(M)\{e} \\Q4w P (n)\\ 2 . Assume that n / e. Then there 
exist w G W(M) \ {e}, m' G M, a' G A, n' G N and n' G N such that 
n = wn'm'a'n' . Let v*_ iwp G V" 4p be a weight vector with f}-weight —Awp. 
Then we have 

\\Qiw P (n)\\ = \(nv4 P ,v*_ iwp )\ = \{wn!rn'a!n'v± p ,v*_ Awp )\ 

Hence, if n G N \ {e} then Q(n) / 0. 

Let t be a positive real number. Using Q u (exp(tHo)nexp(— tHo)) = 

e t("-4p)(H )Q u (n^ we have 

Q(eMtH )nexp(-tH )) = £ e 8t ^-^\Q 4wpo (n)\ 2 . 

weW(M)\{e} 

Since (wp — p)(Hq) > 1 for w G W(M) \ {e}, we get the lemma. □ 

Remark 4.2. The condition Lemma[4 1 l] (3) implies that limfj^oo Q(n) = 
oo. The proof is the following. Take Hq as in Lemma l4.1i Let {ei, . . . , e{\ 
be a basis of n. Here, we assume that each ej is a restricted root vector and 
denote its root by o^. Any n G N can be written as n = exp(^ =1 a^ei) 
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where a* E R. Put r(n) = Y!i=i\ a i\~ 1,ai{Ho) ■ Set c = min r(n)=l Q(n). Since 
Q(n) > if n is not the unit element, C > 0. Then we have Q(n) > Cr(ra) 8 
if r(n) > 1. If n — > oo then r(n) — ► oo. Hence, Q(n) — > oo. 

Lemma 4.3. Lei f be a polynomial on N . There exists a positive integer 
k and a C°°-function h on G/P such that h(wifiP/P) = e~ kp{ - H ^ fin) for 
all n E N. 

Proof. By Lemma fLll and Remark [421 we can choose a positive integer 
C such that e~ 8Cp ( H ( n ^ f(n) — > when n — » oo. Let / be a function on Ui 
defined by j( Wi nP/P) = e' 80 ^^ f{n) for n E ~N. We prove that / can 
be extended to G/P. Take w E W(M). Then / is defined in a subset 
of wNP/P. Using a diffeomorphism N ~ wNP/P, f defines a rational 
function / o $ WitW defined on an open dense subset of N. By the condition 
of C, the function / o $ WiiW has no pole. Hence, / defines a C°°-function on 
wNP/P. Since \J weW(M) wNP/P = G/P, the lemma follows. □ 

Define k: G —>■ K and PL: G — > Lie(^4o) by g E k(<?) exp H(g)No. Recall 
that for a representation V of g, f E Og is called an exponent of V if f + 
Polmnoo is an a -weight of V/n V. 

Proposition 4.4. Lei (p be a a-valued function on K which satisfies 
ip(km) = a(m)~ 1 ip(k) for all k E K and m E M D K. We define ip\ E 
I (a, A) 6y ip x (kman) = e"( A+ ' , )( lo g a V(m)~V(^) fork£K,m£M,aeA 
and n £ N. For v! E J' _i (cr (g) e A+p ) and / E 7>(Oi), put I f)U ,(<px) = 

IwiNw^nNo u' {^xinwi))^)- 1 f {nwi)dn. (If supp tp C KHwiNP then the 
integral converges.) 

(1) If (a, Re A) is sufficiently large for each a E E + \ i/ien i/ie 
integral If u i((p\) absolutely converges. 

(2) As a function of X, the integral Ijy(ip\) has a meromorphic con- 
tinuation to a*. 

(3) If suppry = n and i = r then Ify((p\) is holomorphic for all A E o*. 

(4) Let v be an exponent of a and v! E Wh^-i ((<r ® e x+p )'). If 

2 (a, A + v)/\a\ 2 Z< for all a E £+ \ w^(Z + U E~) then 7i )U /(<p M ) 
is holomorphic at \i = A. 

Proof. First we prove (1). If / = 1 then this is a well-known result. 
For a general /, extends / to a function on wiNP/P by f{winn') = f(win) 
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for n G WiNw^ 1 D Nq and n! G WiNw^ 1 D Nq. Then by Lemma 1431 there 
exists a positive number C such that n \—* e~ cp ( H ( n ^ f(win) extends to a 
function /i on G/P. Since 

If,u'M = I _ u\(p(K(nw))e-( X+ M H ( nw ^f{nw r )r){n)- 1 dn, 
JwiNw^nNo 

we have I/ )U 'Oa) = A,«'((^)a-Cp)- 

We prove (3). By dualizing Casselman's subrepresentation theorem, 
there exist a representation <ro of Mq and Ao G <Jq such that c is a quotient of 
IndjH n p (cro<g>e Ao ). Then we may regard u' G J^_ lj? (Ind^ nPo (cJo ®e A °)). By 
the proof of Lemma f3. 101 there exist a polynomial /o on (MflA'oJuM^^n 
Po)/(M n P ) and Uq G (cr ® e A °)' such that u' is given by 

JAfnAf 

Let vr: Ind^ (ao®e A + A »+^) -> J(cr, A) be the map induced from the quotient 
map Indjjf n p Q (o"o <8> e A °) — > <r. Take -K" — > o"o which satisfies (p(km) = 
(Jq 1 (m)ip(k) (k G if, m G M ) and 7r(£>> + > ) = Define a polynomial 
/ G P(^m,oAW^o) by 

/(^i^onnoPo/Po) = f(w l nP/P)f (w M ,on (M n P )/(M n P )) 

for n G TV and ra G MniVo. (Notice that w M ,o( M n ^o) = (M D N )w M ,o-) 
Then we have 

If,u'(<P\) 

= I _ u'^(nwiWMfi))J{wiWM,QnPQ/Po)^{n)~ l dn. 

J io i io M ,oJVo(«'i«'M,o)~ 1 nA r o 

Hence, we may assume that P is minimal. By the same argument in (1), 
we may assume / = 1. If / = 1 then this integral is known as a Jacquet 
integral and the analytic continuation is well-known [Jac67j . 

We prove (2) and (4). By the same argument in (1), we may assume that 
/ = 1. Take w' G W Mv and w" G W{M V )~ 1 such that w { = w'w". Then 
we have w^wj 1 n N = (li/A^u/)" 1 n N )w' (w"7^(w"y 1 n N )(w'y 1 . 
The condition w' G Wm v implies that w'(T, + \ £+) = S + \ £+. Hence, 
supp?? (~1 w'Y> + = suppr/ n This implies 

suppr? PI w'(w"T>~ n S + ) = suppr/ n n 

= suppr? n WiY,~ n C supp?7 n WiY,~ n WiT. + = 0, 
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i.e., 77 is trivial on w' (w" Nq(w") 1 n Nq)(w') . Hence, we have 

h,u>{f) = / u' (ip(niw'ri2'w"))ri(ni)~ 1 dn2dni. 

Jw'Noiw'y^nNo Jw"N (w")- 1 nN 

Put P' = (w'^iw")- 1 n M V )N V . By the definition of W(M V ), we have 
w"N (w")- 1 D N n Mr,, this implies that P' (resp. w"P(w")~ 1 n M^) is 
a parabolic subgroup of G (resp. M„). Define a G-module homomorphism 
A(a, A) : /(a, A) -» Ind%(w"(cT) ® e w A+ ^) by 



(^4(a, A)<p)(a:) = / ip(xnw")dn. 

Jw"W)(w")~ 1 nN 

By a result of Knapp and Stein [KS80], this homomorphism has a meromor- 
phic continuation. We have 

h,u'(f)= / __ u'((A(a,X)(p)(nw'))f](ny l dn. 
Jw'N (w')- 1 nN 

Notice that w1%(w')'' 1 nN C M v . Hence we get (2) by (3). 

To prove (4), we calculate (V'j^E- n E+. Since (V')" 1 € W(M^), we 
have C E~. Hence K0 _1 E~ D E+ = 0. Then 

JA-lv- n V+ _ (n.JI\— l^V — 



(k;")~ E~ n E+ = (u/T^E - \ E-) n E 



w r 1 (s-\s-)nE- 

E+\it;r 1 (S + UE 



Hence we have 2{a, A + v)/\a\ 2 g" Z> for all a G (u>") -1 E~ n E+. By an 
argument of Knapp and Stein [KS80J, j4(ct, /i) is holomorphic at fj, = A if A 
satisfies the conditions of (4). Hence we get (4). □ 

In the rest of this section, we denote the Bruhat filtration Jj C J' (I (a, A)) 
by Ii(X). The following result is a corollary of Proposition 14.41 

Lemma 4.5. Lei x G T/ien i/tere exists a distribution x% G Ii{\ + tp) 
with meromorphic parameter t such that xt\iii ^ s a distribution with holo- 
morphic parameter t and (x|t/J|t = o = x. 

Moreover, ifTx = for T G U(g), then Tx% = 0. 
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Let C°°(K,o~) be the space of a- valued C^-functions. For X G g and 
A G a*, we define an operator D(X, A) on C°°(K, a) as follows. For 92 G 
C°°(K,a), 

\)(p)(k) 

= — (a ® e A+p )(exp(-F(exp(-tX)A;)))^(K(exp(-tX)A;)) 
at ' t=o 

If we regard J(cr, A) as a subspace of C 00 ^, cr), (Xip)(k) = (D(X, X)ip)(k) for 
tp G /(cr, A). It is easy to see that for some D\ and D 2 we have D(X, X+tp) = 
Di + tD 2 for all t G C. 

Lemma 4.6. Assume that the conditions of Lemma \3.6\ (l)-(3) hold. 
For x G I[ there exists a distribution xt G 7j(A + tp) with holomorphic 
parameter t defined near t = such that xq = x on Ui. 

Proof. First we remark that rj = rj in Lemma [3. II by the condition (2) 
of Lemma 13.61 

We prove by induction on i. If % = 1, then x 6 J{. Take a distribution 
xt G 2i(A + ip) as in Lemma 14.51 Then xtj^ is holomorphic with respect 
to the parameter t. Since suppx t C X\, Xt\(G/P)\Xi ls holomorphic with 
respect to the parameter t. Hence xt is holomorphic with respect to the 
parameter t on U\ U {{G/P) \ X\) = G/P. We have the lemma. 

Assume that i > 1. First we prove the following claim: for y G 
there exists a distribution y^ G Jj_i(A + tp) with holomorphic parameter t 
defined near t = such that yo = 2/- Using inductive hypothesis to y|tr i _ 1 , 

there exists a distribution y^ ^ G Ij_i(A + £p) with holomorphic parameter 
i defined near i = such that =1/011 C^-i- Since the supports 

of both sides are contained in (Jj<»-i NQWjP/P, we have ^ = y on 
Uj>i-i NoWjP/P. Using inductive hypothesis to (y — y$ )[t/i_ 2 j there 
exists a distribution y^ 2 ^ G ij_ 2(A + ip) with holomorphic parameter i 
defined near t = such that y^ = y — y^ ^ on C/j_2- Since the supports 
of both sides are contained in U 3 -<i-2 NoWjP/P, we have j/q X ^ + y$ 2 ^ = y 
on Uj>i-2 NoWjP/P. Iterating this argument, for j = — 1 there 

exists a distribution yp^ G Ij(X + tp) with holomorphic parameter t defined 

near t = such that y = y$ + ■ ■ • + Vq ^ • Hence we get the claim. 

Now we prove the lemma. By Lemma [4. 51 there exists a distribution x' t G 
Ii(X + tp) with meromorphic parameter t such that x'Ajji is holomorphic and 
(^1^)^=0 = x. Let Xj = YlT=-p x<yS ^t s be the Laurent series of x' t . Now we 
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prove the following claim: if there exists a distribution x' t = Y2^=-p x ^ S G 
Ii(X + tp) with meromorphic parameter t defined near t = such that 
x' t \u t is holomorphic and (a^lc/J^o = x, then there exists x t G /(A) with 
holomorphic parameter t defined near t = such that a^olc/.; = We prove 
the claim by induction on p. 

If p = 0, we have nothing to prove. Assume p > 0. Take E G no 
and define differential operators £"o and £i by D(E, A + tp) = Eq + ti?i. By 
Lemma [3. 11 there exists a positive integer k such that (Eo+tEi — 7](E)) k x' t = 
0. Hence, we have {Eo-r){E)) k x(-ti = 0. Since a^j^ is holomorphic, we have 
suppx(~ p ) C {Jj^NoWjP/P. Hence we have x(~ p ^ G h-i- By the claim 
stated in the third paragraph of this proof, there exists x" G Ij-i(A + tp) 
with holomorphic parameter t defined near t = such that 
Using inductive hypothesis for x' t — t~ p x'{, we get the claim and the claim 
implies the lemma. □ 

Theorem 4.7. (I) The module Ii/Ii-i is non-zero if and only if 
the conditions of Lemma \3.6\ ( !)-( 3) hold. 

(2) If h/Ii-i ± then we have h/h-i ~ I-. 

Proof. Assume that the conditions of Lemma 13.61 (l)-(3) hold. We 
prove that the restriction map Resj : Ii — > I- is surjective. 

For x G take xt G Ii(\+tp) as in Lemma liTBI Then we have Resj(xo) = 
(xo)\ui = x - Hence Resj is surjective. □ 



§5. Twisting functors 

Arkhipov defined the twisting functor for w EW [Ark04j. In this section, 
we define a modification of the twisting functor. 

Let g Q be the root space of a G A. Set u = oeA + 0a, Uo = aG A+ 0-a 
and = Ad(u>)uo H Uo- Let ip be a character of Uo^. Put Sg;^ = 
U(8)®u(uo tiS ) (( c/ ( u o,w)*)f)-finite<X)cV')- This is a right f/(u 0)5 ;)-module and left 
U (g)-module. We define a J7(0)-bimodule structure on S^,^ in the following 
way. Let {ei, . . . , e{\ be a basis of such that each e, is a root vector 
and © s<t _ 1 Ce s is an ideal of © s<t Ce s for each t = 1, 2, . . . , I. Notice that 
a multiplicative set {(e& — ip{ e k)) n I n £ ^>o} satisfies the Ore condition 
for A; = 1,2,... , Z. Then we can consider the localization of U(q) by {(e^ — 
■0(efc))" I n G ^>o}- We denote the resulting algebra by U(g) ek _^ ek y Put 
S e h -i>(e k ) = u {9)e k -^(e k )/U{g). Then S , efe _^ (efc ) is a t7(g)-bimodure. 
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Proposition 5.1. As a right U(uq jW ) -module and left U(Q)-module, we 
have Sq^ ~ S ei _^( ei ) ® V ( s) 5 e2 _^ (e2 ) <S>u( s ) ■ ■ ■ S ei _^ ei) . Moreover, the 
U(Q)-bimodule structure induced from this isomorphism is independent of a 
choice of . 

The proof of this proposition is similar to that of Arkhipov [Ark04, Tho- 
erem 2.1.6]. We omit it. An element of the right hand side is written as a 
sum of a form (ei-r/(ei))-( fcl+1 )(g)- • •(g)(e i -r ? (e i )) _(fc ' +1) r for T G U{g). We 
denote this element by (ei — r/(ei))~( kl+1 ^ • • • (e/ — r](ei))^^ kl+1 ^T for short. 

Proposition 15.11 gives the [/(g)-bimodule structure of Sq^. For a U(q)- 
module V, we define a [/(g)-module T^^V by T^^V = Sg,^ ®u{q) (wV). 
(Recall that wV is a g-module twisted by w. See Notation.) This gives the 
twisting functor Tq^. If ifj is the trivial representation, Tq^ is the twisting 
functor defined by Arkhipov. We put Tq = Tq, where is the trivial 
representation. 

The restriction map gives a map Nk(\))/Zk(^)) — > W and its kernel is 
isomorphic to N M (io) / 'Z 'm (M>) (Recall that to is a Cartan subalgebra of 
mo). The last group is isomorphic to Wm - 

Lemma 5.2. Let w G W. Then there exists l(w) G Nj((t)) such that 
Ad^H)!^ = w and Ad(i(w))(A+ o ) = A+ q . 

Proof. Since W ~ Nk(oo)/Zk(oo), there exists k G Nx(ao) such that 
Ad(A;)| 00 = w. Then k normalizes Mq. Hence, there exists m G Mq such that 
km normalizes To. This implies km G Nk(AqTq). Take w' G Nm (^o) such 
that Ad(kmw')(A~j^ o ) = and put l(w) = kmw' . Then i(w) satisfies the 
conditions of the lemma. □ 

The map l gives an injective map W — > A r ^([))/Z^({)). Since the group 
Nk{$)/Zk{§) can be regard as a subgroup of W, we can regard W as a 
subgroup of W. Hence, we can define the twisting functor T w ^ for w G W 
and the character ip of Ad(w)no n no- For a simplicity, we write w instead 
of i(w). (We regard W as a subgroup of W by i.) 

Proposition 5.3. Xei u),u/ G W and tp a character of Ad(ww')no D rio- 
Assume that l(w)+l(w') = i{ww') where £(w) is the length ofw G W. Then 
we have T W ^T W /^ W — — T ww t 

Proof. By the assumption, we have £ + num/£ _ = (S + nu;S~)Uw;(E + n 
w'T,-). Put A t = A ± \A^ /[) . Then we have A^ n ww'Aq = (A^ n wA ) U 
w(A£ n w'Aq). Since wA^ = A^ , we have A^ n wA Q = A+ n wA~. 
Hence, A+ n ww'A~ = (A+ n wA~) U w(A + n u/A~). This implies that 
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£(w) + £(w') = £(ww') where £(w) is the length of w as an element of W. 
Hence, the proposition follows from the construction of the twisting functor 
(See Andersen and Lauritzen [AL03, Remark 6.1 (ii)]). □ 

Lemma 5.4. Let e be a nilpotent element of q, X 6 g and k € Z>q. For 
c G C we have the following equation in U{o) e - c . 

X( e - c)-( fc+1 ) = f; ( H + k k ) (e - c )-(" +fc+1 ) ad(ef(X). 

n=0 ^ ' 

Proof. We prove the lemma by induction on k. If k = 0, then the 
lemma is well-known. Assume that k > 0. Then we have 

oo 

X(e - c)- (fe+1) = ( e - c)- (ko+1) ad(e) fe °(X)(e - c)~ fc 

k =0 

= E E (^^"^(e-^-^+^+^adCe)^'^ 1 ^) 
fc o =0fci=0 ^ ' 

= E E ( /; t - 1 ') (e - c) ' (n+fc+1) ad(e)n(x) 



n=0 ;'=o 
oo 



= E( n l fe )( e - c )~ (n+fc+1)ad ( e ) n w- 

n=0 ^ ' 

This proves the lemma. □ 

§6. The module Ii/Ii-i 

Put Ji = U(g) ®[/(p) J' w -i (o ® e A+p ), where n acts J' w -i (<? ® e A+p ) 
trivially. In this section, we prove the following theorem. 

Theorem 6.1. Assume that Ii/Ii-i ^ 0. Then we have ~ 
T J 

Notice that Uo,^, = Ad(t«i)nnno since u;j(A^) C A + . In this section 
fix i G {1, . . . , 1} and a basis {ei, e^-, ■ ■ ■ , e;} of Uo,i^ such that each vector 
e-i is a root vector and © s<i _ 1 Ce s is an ideal of © s<t Ce s . Let a s be the 
restricted root with respect to e s . As in Section [21 for k = (k±, . . . , k{) € Z> 
we denote &d(ei) k ' • • • ad(ei) fcl by ad(e) k and /hi) ■ ■ ■ ((-xi) k ^/kl) 

by /k- 
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Lemma 6.2. We have 



T 8 eU(Ad(wi)nnno), f 8 £V(Oi), 



u' s G J' _! (a ® (A + p)) ( " 

(.8=1 ™i V " J 

Proof. By Lemma 13.31 we have 

T((f®u')6 i ) = £ <5 i (ad(e) k r,// k! u / ) 
kez'> 

for T G ?7(fl), / G V(Qi)Vj~ x and u' E a'. Hence, the left hand side is a subset 
of the right hand side. Define /£ G P(Oj) by /£ = (xi 1 /^!) • • • (xf/kil). By 
the similar calculation of Lemma 13.31 we have 

5 t (TJ,u')= £ (ad(e) k T)(((//4)®u'H). 
kez' so 

This implies that the right hand side is contained in the left hand side. □ 

By the definition of the twisting functor and Poincare-Birkhoff-Witt 
theorem, we have the following lemma. For k = (ki,...,ki) G l) put 
( e - v (e)) k = (ei - v(ei)) hl ■ ■ ■ fa - r?(eO) fei G S w , v . Set 1 = (1, . . . , 1) G I 1 . 

Lemma 6.3. Let V be a ^-module. Then we have a C-vector space 
isomorphism 

( \ 

C(e- 77(e)) {k+1) ®c/(AdK)nnno) U(g) ®u(Ad(wi)p) WiV 
\ k6Z >o / 

^T Wi (U($)® u(p) V) 
given by E ® T ® u \-> ET ® (1 <g> v). (Notice that ET G S WuQ .) 

Proof of Theorem 16.11 By Lemma 16.2} we have an isomorphism as 
a vector space, 

I'i - V(Oi) ®c/(AdK)nnno) U (s) ®U[Ad(vi t )p) w i J ' w '^S a ® ( A + Z 9 )) 
given by 5i(T, f, u') 1— >• / (g> T <g> it'. 
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Notice that Uo tWi = Ad(wi)n n no since Wi £ W(M). By Lemma [Ol we 
have 



\ keZ >o / 

®O r (Ad(w i )p) W i J ' w -lr,( a ® ( A + Z 5 ))- 

Here we remark ^ kgZ ; >o C(e — 7/(e)) _ ^ k+1 ) is an Ad(iUi)rtnno-stabie subspace 
of S Wi v . Hence, we can define a C-vector space isomorphism : T Wi v (Ji) — > 
4 by' 

$((e - ??(e))-( k+1 ) ® T ® u') = 5i(T, /kT?" 1 , u')- 

We prove that $ is a g-homomorphism. 
Fix leg. We prove that 

$(X((e - r?(e))"( k+1 ) ® T ® u')) = X$((e - r?(e))-( k+1 ) ® T ® u'). 
By Lemma 15.41 we have 

X{(e-r)(e))- (k+1) ® T ® u') 

= £ ( Pl ^) • • • ( Pl t k ) ( e - ??(e)r (k+P+1) ® (ad(e)PX)T „'. 
P s>0 ^ 1 ^ \ i / 

where p = (px, . . . ,pi). Hence, we have 
$(X((e - r](e))- (k+1) ® T ® «')) 



> «5i ade p IT, — — — — — — 

p ^ V V ^i ! Pi ! feW 



By Lemma 13.31 we have 

X$((e - r?(e))-( k+1 ) ® T ® u') = XSi(T, /k^V) 

= J2 ^.((ad(e)PX)T,/ k / p 7 ? r 1 ,n / ). 

Hence, we have the theorem. □ 



31 



Noriyuki Abe 



§7. The module J*(I(a, A)) 

Now we investigate a module J* (I (a, A)). For a finite-length Frechet rep- 
resentation V Of G, put J(V) = Qim k ( Vy-fi nite/ "p VfiT-finite) ) a-finite • This 

is also called the Jacquet module of V |Cas80| . Define a category Op Q by 
the full subcategory of finitely generated a-modules consisting an object V 
satisfying the following conditions. 

(1) The action of po is locally finite. (In particular, the action of no is 
locally nilpotent.) 

(2) The module V is Z(g)-finite. 

(3) The group Mq acts on V and its differential coincides with the action 
of m C 0. 

(4) For f € Oq let V v be the generalized ao-weight space with weight v. 
Then V = (BueaX V» ano - dimVj, < oo. 

We define the category O'-p- similarly. Then for a finite-length Frechet rep- 
resentation V of G we have J(V) G OL- and J*(V) G 0' Pq . For a 17(g)- 
module V, put D'(V) = (F*)^ fln ite and °C(y) = Denote a full- 

subcategory of g-modules consisting finitely-generated and locally f)©u-finite 
modules by O'. If V is an object of the category O' then D'D'(V) ~ V. 
The relation between J* and J is as follows. 

Proposition 7.1. Lei V 6e a finite-length Frechet representation of G. 
Then we have J*(V) ~ D'(J(V)). 

The character 77: no — > C defines an algebra homomorphism f7(no) — > 
C by the universality of the universal enveloping algebra. Let Kerr/ be 
the kernel of this algebra homomorphism and put r r) (y) = {v G V \ 
for some k, (Kerrj) k v = 0}. First we prove the following proposition. 

Proposition 7.2. Let V be a finite-length Frechet representation of G. 
Then we have J*(V) ~ T V (J(V)*). 

Proof. Recall that = © a v © n^ is the complexification of the Lie 
algebra of the parabolic subgroup corresponding to suppr/ (Section H]). If 
supp?? = LT, this proposition is proved by Matumoto [Mat90, Theorem 4.9.2]. 

Put I = Vft-_fi n ite- Let 770 : U(m D no) — > C be the restriction of rj on 
U(m fl no). Then we have 

j;(V) = hm(//<(Ker %)*/)* = hm( (//</)/ (Ker r? ) fc (//</))*. 



32 



Generalized Jacquet modules of parabolic induction 



For a [/(g)-module V , put G(V ) = (lim fc VW^nMiVfinite- For a U{m v ®a v )- 
module Vj., put G Mr ,(Vi) = (lim fc l^i/K n n ) fc Vi) (mn ao ). finite . Since I/n^I 
is a Harish-Chandra module of © a,,, J* (I/n l v I) = T Vo (Gm v {1 1^1)*) 
by the result of Matumoto. Taking a subspace annihilated by (Keir]o) k , we 
have 

((//n^)/(Ke r?? o) fc (//</))* = (GM^I/n^/iKer^GMMH 1 ))*- 

Since I is a finitely-generated [/(no)-module, the left hand side is finite- 
dimensional. Hence, we have 

(//</)/(Ker = GM v (I/n l v I)/(Ker m ) k G Mv (//</). 

It is sufficient to prove that Gm v {I 7^-0 = G(I)/n l v G(I). We have 

(//n^/VK n n ) fc (//</) = 7/K n n ) fe rr^ = G(7)/(m„ n n ) fc <G(/). 

Taking the projective limit we have Gm v (I/" v J) = GM v {G(I)/n l ri G(I)). 
Since G(/)/n^G(/) e 0^ we have G M „ = G(J)/<G(J). 

□ 

Combining Theorem l6.H Proposition [772] and the automatic continuation 
theorem |Wal83l Theorem 4.8], we have the following theorem. 

Theorem 7.3. There exists a filtration = I\ C • • • C I r = J*(I(cr, A)) 
such that h/I^i ~ r„(C(T Wj (C/( ) J*(a © e A +^))). 

§8. Whittaker vectors 

In this section we study Whittaker vectors of I(a, A)' and (I (a, A) ^.finite)* 
(Definition ES]). 

For i such that Ii/Ii-i ^ 0, we define some maps as follows. Let 71 
be the first projection with respect to the decomposition U(g) = U(l v ) © 
(n^Z7(g) + U(g)n v ). Notice that by Lemma [3761 if Ii/Ii-i / then we have 
i v n Ad(wj)n C no- Define 72 by the first projection with respect to the 
decomposition U(l v ) = U(i v D Ad(wj)p) © 11(1,,) Ker^nA^/^. Let 73 be 
the first projection with respect to the decomposition U(l v n Ad(wj)p) = 
?7(^ n Ad(wi)0 © (I,, n Ad(u;i)n)J7(^ n Ad(wj)p). Finally define 74 by the 
first projection with respect to the decomposition U(l v n Ad(wj)[) = © 
((u u "n[ r ,nAd(u;i)Ot / (^nAd(u; i )[) + f/(^nAd(ii;i)0(^nAd(w i )[nuo)). Then 



33 



Noriyuki Abe 



the restriction of 7407307207! on Z(g) is the (non-shifted) Harish-Chandra 
homomorphism. If x G Wh I? (7 i /ij_i) then Tx = 7271 (T)x for T G Z(fl). 

71 : t/(g) = U(l v ) (n^l7(fl) + I7( fl )n^) -> I7(g, 

72 : 17(1,) = 17(1, n Ad(wi)p) f/ (l??) Ker i/^AdK)" ~» u ( l v n Ad(t^)p), 
73 : £/([„ n Ad(^)p) = ?7([ T; n Ad(^)l) (L, n Ad(«; i )n)Z7(I IJ n Ad(^)p), 

74: I/O, n Ad(^)Q = tf(ij) © ((uo n [ T; n Ad (^j )[)[/( [ T; n Ad(^)Q 

+[/([„ n Ad{ Wi )l){i v n AdK)[ n u )) -> t/(fj). 



Lemma 8.1. Lei V be a U{Q)-module with an infinitesimal character A, 
X a character of Z(g) such that z £ Z(fl) acts 6y xO 2 ) ori ^- Ta&e a nonzero 
element v £ V such that (737271 (2) — x{ z )) v = 0- Moreover, assume that 
there exists p G a* suc/i i/tai 77v = (iwjju + po)(H)v for all H G Ad(wj)a. 
XTien there exists w £ W such that w\\ a = p. 

PROOF. Put Z = (737271 (Z(Q))U(Ad(wi)a)). By the assumption, there 
exists a character xo of Z such that zv = Xo( z ) v f° r a h z £ Z. By a theorem 
of Harsh-Chandra, 74^ is injective and J4(Z) C ?7(h) is finite. Hence there 
exists an element Ai G I)* such that Ai o 74 = xq where we denote the 
algebra homomorphism U(fy) — > C induced from Ai by the same letter Ai. 
Since V has an infinitesimal character A, we have Ai G H^A + p. Since 74 
is trivial on U(Ad(wi)a), Ai|Ad(tui)a = { w i^ + Po)|Ad(tui)a- The restriction of 
p to ao is pq. Hence p\Ad(wi)a = Po\Ad(w x )a- Then for some w G W we have 
w>iA«|AdK)a = wA| A d( ffl! )a' We g et the lemma. □ 

Lemma 8.2. Let X 1 ^..,X n G fl, /1 G C 00 ^), / 2 G C 00 ^), «' G 
(<7®e A+p )'. Assume that R' i (X s )(f2) = /or ctZZ s = 1, . . . , n. Then we have 

5i(Xi ■ ■ ■ X n , /1/2, u') = 5i(Xi ■ ■ ■ X n , fi,u')f 2 . 

PROOF. Put T = X\ ■ ■ ■ X n . By the assumption and Leibniz's rule, we 
have 

f 2 (nw i ){R i (T)<p)(nw i ) = (Ri{T){^f 2 ))(nw^ 
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Hence, by the definition, for cp G C£°(Ui, C), we have 
(5i{T,f x f 2 ,u'),<p) 

fi (nwi ) f 2 (nwi )(u! {Ri{T)(p) (nwi ) ) dn 



w i Nw7 1 r\N, 



II 



fi(nwi){u'(Ri{T)(ipf 2 ))(nwi))dn 

w i Nw i 1 niVo 

(Si(T,f 1} u')f2,<p)- 



We get the lemma. 

Lemma 8.3. For ^ G a* pui 



□ 



V(u) 



S s G C/(Ad(u;0nnr^), /i s G 7?(Oi) 
v' s G J'_ a (a ®e A+ '') > 

to" 1 (wt h s + wt 5 S ) | a = v 



Here, wth s is an ao-weight of h s with respect to D{ (see paae \ll\) andwtS s 
is an ao-weight of S s with respect to the adjoint action. Define rfi G C°°(Ui) 
by rfi(nnoWiP / P) = rji{n) for n G WiNw^ n iVo and no G u>iNw~ n Nq. 

(1) Let X G U(tn H Ad(tOj)p). Assume that X is an ao-weight vector. 
For 5i(T, frj^ 1 ,vf) G V(v), we have 

X5 l {T,fi 1 r\ u ') - {X5 t (T,fi 1 r\ u '))^- 1 G £ V(y' + W r l wtT| a ). 

Ziere, wtT is an ao-weight of T with respect to the adjoint action. 

(2) For 5i(S s , hs^ 1 ,v' s ) G V{v), we have 

s v'>u 

Proof. (1) Fix a basis {ei, e2, . . . , e;} of Uo,^ such that each vector a 
is a root vector and S<( _ 1 Ce s is an ideal of (J) s<t Ce s . Let a s be the 
restricted root of e s . As in Section El for k = (k\, . . . ,ki) G Z> we denote 
ad(Q) fci • • • ad(ei) fcl by ad(e) k and ((-x^/hl) ■ ■ • ((-a,)*'/**!) by / k . By 
Lemma 13.31 

X6i(T,fTi7\u')= Sii^e^TJhvi 1 ,™')- 
kezL„ 
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Take a}f G £/(Ad(w;)tt n n ), 6)f G C/"(Ad(wi)nnn5) and cjf G C/(Ad(w;i)p) 
such that (ad(e) k X)T = £ p a^^c^ and wt((ad(e) k X)T) = wta k p) + 
wt& k p) +wtc k p) . Then 

< 5 i ((ad(e) k X)T,// k r / - 1 ,u / ) 

= E*(<£ ) # ) #\/m-V) 

p 

= X)*(^ ) .^(-«2 ,) )(/M rl ).Mt«i)- 1 (cS' ) )ti / ) 

p 

By the Leibniz rule, there exists a subset .4^ C {(a', a") G £7(Ad(w; j)n n 
n ) 2 | wt a' + wt a" = wt a^, a" C} such that 

*(#\ ^(-oPX/Aizf 1 ) - ^(-aP)(// k )r ? - 1 ,AdK)- 1 ( C jfV / ) 
= £ 5 l (6^,^(aO(// k )^(a")(r / r 1 ),AdK)- 1 c k p) n') 

(a',a")e^ p) 

= £ -r ? (a")^(& k P) ,^(« , )(//k)r?r 1 ,AdK)- 1 4 p) n') 

(a',a")e^ p) 

By the Poincare-BirkhofF-Witt theorem, we have a direct decomposition 
U(Ad(wi)p) = U (Ad(u>i)p)(Ad(wi)n) [/(Ad(wj)l). Hence we may as- 
sume that cjf } G C/(Ad(^)p)(Ad(u;;)n) or c k p) G £/(Ad(w;)[). If cjf } G 
t/(Ad(i(;j)p)(Ad(t(jj)n) then this sum is equal to 0. If cjf } G ?7(Ad(u>;)0 then 
■u;" 1 wt c k P ^ | a = 0. Hence, 

W -\wtb^ +wt(R f l (a')ff k ))\ a 
= w' 1 (wt c k p) + wt 6 k p) + wt a + wt / + wt f k ) \ a 
= u;- 1 (wt((ad(e) k X)r) + wt / + wt / k - wt a")\ a 
= w' 1 (wt X + wt T + wt / - wt a") | a 
= v + w~ 1 (wtX - wt a") | a > ^ + w~ 1 wtX| a . 

So we have 

^^.flJC-ag'^/M- 1 ) " ^(-a k p) )(// k )7 ? - 1 ,AdK)- 1 (c k P V) 

G E^' + ^wtXU). 
!/'>i/ 
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By the definition of rfc, we have Ri(X')r)i = for X' € Ad(wi)n n no- Hence 
by Lemma 18.21 we have 

5 ^ (^ ) ,i^K-«L p) )(//k)C^Ad( U ; ^ )- 1 (i P V , ) 

= 5K4 p UK-4 p) )(//k),AdK)~ 1 (i p) K)^r 1 

Hence, we have 

= ^ < 5,(&if ) ,^(-a^)(// k ),AdK)- 1 ( C ifV / )^- 1 

k,p 

= E^rf ) ^ ) 4 p) 1 (// k )^')^- 1 

= (X5i(T, f, u'))rfj _1 . 

We get (1). 

(2) Take T = 1 in (1). Then we have 

5 t (TJ V r\u') - (SiiTJK 1 ,*!))^ 1 G £ ^CO- 

Hence if 
then 

u'>u 

However, by Lemma I3T21 (3), we have V{u) f] "^Z^^Viy') = 0. This is a 
contradiction. □ 

Proposition 8.4. Let Clm)* be an infinitesimal character of a. 

Assume that Ii/Ii-i ^ and for all w G W , 



Then 



A - w(X + £)| Z< ((S+ \ £+ ) n u;r 1 S+)| a \ {0}. 



Wh,(4) = {(r/r 1 ® u% | «' G Wh^^a e A+ ")')}. 
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Proof. Let x = ^2 s $i{T s , 1 ,u' s ) be an element of Wh^(/ i / ) where 
T s G *7(Ad(w;)tt n tto"), f s G V{Oi) and < G J' w -i (° ® e A+ ^). For X G 

Ad(^)n n n , we have (X - r/(X))x = £ s ^(T s , (2 X - r ? (X))(/ s r / r 1 ), n'J = 
^2 s Si(T s , Lx(fs)vr 1 ' u 's) by Lemma 1331 Hence, we may assume f s = 1. 

Let z G -Z(fl). Since J^(/(ct, A)) has an infinitesimal character — (A + pt), 
I 4 ' has the same character. Let x( z ) be a complex number such that z acts 
by x( z ) on ![■ Take T s and «^ such that T s are ao-weight vectors and lineally 
independent. Let v = minlu;" 1 wt T s | a } s . Then by Lemma 18.31 (1). we have 

X(z)x = zx = j2ji(z)x 

€ I 737271 (z) E 8i(T.A,<) J ^T 1 + E ^O- 
By Lemma 18.31 (1) (T = 1), we have 

xg E ^(r.i.Or' + XW 

Hence we have 



(*(*) -737271^)) E W^X) G E ^')- 

XwT 1 wtT s \ a =u J J v'>" 

By Lemma [8.31 (2), we have (xi z ) ~ 737271 (z))Si(T s , 1, u' s ) = for all s 
such that u;" 1 wtT s | a = v. By the same calculation as that of the proof of 
LemmalM H5i{T s ,l u ,u' s ) = (-WiX + wt Tg + p )(H)Si(T s , l n , u' s ) for H G 
Ad(u>i)a. By Lemma lSd] there exists aw £ W such that — ^(A+^lAd^^a = 
-WiX + wtT s . Then A - w~ 1; w(X + ju)| a = w' 1 wtT s | G Z< ((S + \ fl 
^ 1 S + )| a . By the assumption, wtT s = 0, i.e., T s G C. Hence, we may 
assume that x has a form x = <5j(l, rj^ , u') + X^>2 <^C^s> ^i" 1 ' u s) where 
wtT s / for all s > 2. 

Take AT G no D Ad(wi)m. Then by Lemma 13.51 and the above claim, 

= (X - r){X))x G 6i(l, rii 1 , (Adiw^X - V (X))u') + E V(u'). 

u'>0 



By Lemma [531 we have 5i(l,r/ i 1 ,(Ad(wj) l X — rj(X))u r ) = 0. Hence we 
have v! G Wh -i ((cr <g> e x+p )'). This implies that x - 5,(1, r/r 1 , v!) G 

Wh J) (/ i / ). If x — 6i(l, t?" 1 , u') 7^ 0, then by the above argument, we have 
minjii;^ 1 wtT s | n } s >2 = 0. This is a contradiction. □ 
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Theorem 8.5. A ssume that for all w (E W(M) such that TjlwNw-^LnNo — 
1 the following two conditions hold: 

(a) For each exponent v of a and a € S + \ w (T, + U we have 
2(a,\ + v)/\a\ 2 £Z< . 

(b) For allw £W we have X-w(X+Jl)\ a <£ Z< ((E + \£]k)niir :L E + )| o \ 
{0} where ft is an infinitesimal character of a. 

Moreover, assume that rj is unitary. Then we have 

dim Wh^(J(a, A)') = ^ dim Wh tt -i 7? ((a <g> e x+p )'). 

WEW(M), w(S+\S+ )nsuppr?=0 

Proof. By the exact sequence — » — > Ij — > —* 0, we have 

-» Wh^(Ji_i) Wh„(i;) Wh^(I i // l _i). By LemmaEl it is sufficient 
to prove that the last map Wh^(Ij) — > Wh r? (Ij/Ij_i) is surjective. 

Take x € Wh r? (/ J ') ~ Wh r? (/j//j_i). Then a; is (r/j (g) «')<5j for some 
u' € Wh -i (a ® e A+p ). By Lemma 14. 5( there exists a distribution xt € 
Ii(X + tp) with meromorphic parameter i such that Xt\iJi ls holomorphic and 
{%t\lii)\t=o = x. Moreover, (X — r](X))xt = for X G no- By Proposition 14.41 
and the condition (a), the distribution xt is holomorphic at t = 0. Hence 
^olcTi = x. The map Wh^(/j) — > Wh ?? (/j//j_i) is surjective. □ 

Next we consider the module Wh v ((I(a, \)K-ftmte)*)- Take a filtration 
Ii C J*(/(o", A)) as in Theorem 17.31 

Lemma 8.6. iei V be an object of the category O' . Then we have 
C(H (n v ,V)) = H°(n v ,C{V)) where H°(n v ,V) = {v 6 V | n v v = 0} is the 
0-th n n -cohomology. 

Proof. We get the lemma by the following equation. 

H°(n v ,C(V)) = H°(n v ,D'(V)*) = (D'(V)/n v D'(V))* 

= CD'(D'(V)/n v D'(V)) = C(H°(n v ,D'(Vy\_ &nite ) 

= C(H°(n v , D'D'{V))) = C(H°(n v , V)). 

□ 

Lemma 8.7. Let ei, . . . , e/ be a basis of Ad(wi)nD no such that each e s 
is a root vector and © s<< _ 1 Ce s is an ideal o/© s<i Ce s . In S Wit o where 
is the trivial representation, we have the following formulae. 
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(1) For allt = l,...,l, 



e*(ei 1 



-i -(fct+i) . . . -(fei+i) 



P -fct f ,-(*«+i+i)...p-(*J+i) 



(2) Fix t G {1, . . . ,/} suc/i i/ia£ et G n^. Assume that k s = /or a// 
s < i suc/t that e s En,. T/ien 

-(fci+i) -(fci+i)> 



et(ei 



-(fct-i+i) -fc« -(fct+i) -fo+i) 

'1 • • • e t-l e i e t+l • • • e l 



(3) X(ef 1 • • • ef 1 ) = (e^ 1 • • • ef 1 ).* /or X G Ad(^)m n n . 

PROOF. Let a s be a restricted root corresponding to e s . 

(1) It is sufficient to prove e^ef 1 • • • e^_\) = (e^ 1 • • • e^\)et in 5 ei 
• " " ®U(q) S et -i- Since 0*=i Ce s is an ideal of 0* =1 Ce s , we have 

e t (e^ • • • e-\) - (er 1 ■ ■ ■ e^iK 6 © • ■ ■ e^ +1 \ 

k s >0 

An ao-weight of the left hand side is —a\ at-i+at- However, the set of 

do-weights of the right hand side is {— (ki + l)a\ — ■ ■ ■ — {kt-\ + l)at-i | k s G 
Z>o}. Hence each oo-weight appearing in the right hand side is less than 
that of the left hand side. This implies et(ej~ 1 . . . e~[\) — (e^ 1 . . . e^~\)et = 0. 

(2) We prove e t (e~^ +1) • ■ ■ e^ +1) ) = {e~^ +1) . . . e^ +1) )e t in 
<Sei ®u(g) ' ' ' ®u(g) Set-i- As m the proof of (1), we have 



e t (e- (fel+1) • • • e t -_t- 1+1) ) - (e^ 1+1) ■ ■ ■ e^ +1) )e t 



G 0Ce" 



(fci+i) -(fc t -i+i) 
e t-i 



fc s >0 



An a T; -weight of the left hand side is ^e^en,, s<t ~ a - s + at - However, the set 
of a T; -weights of the right hand side is {Yl es enn s<t ~(^s + I k s G Z>o}. 
Hence each -weight appearing in the right hand side is less than that of 
the left hand side. This implies the lemma. 

(3) We may assume X is a restricted root vector. Let a be a restricted 
root of X. Since X normalizes Ad(wj)nn no, we have 

X(e^ ■ ■ ■ er 1 ) - • • • e^)X G Ce^ ■ ■ ■ . 

k s >0 
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Then X(e 1 1 • • • e l 1 ) — (e 1 1 • • • e l )X has an ao-weight — (a\ + • • • + a s ) + a. 

However, e l ■ ■ ■ e l has a ao-weight —{{kx+l)ot\+- • -+(ki+l)ai) < 

-(a\ H 1- a s ) + a. Hence X(e^ 1 ■ ■ ■ ej 1 ) - (ej -1 • • • e[ x )X = 0. □ 

Lemma 8.8. Let a, . . . ,ei be a basis of Ad(u>j)n n no such that e s is a 
root vector and © s<t _ 1 Ce s is an ideal o/® s<t Ce s . Let V be a U(m © a)- 
representation. Regard V as a p -representation by nV = 0. By Lemma \6.S\ 
we have T Wx (U(g) ® u(p) V) ~ (© fcs > Ce~ (fcl+1) • ■ ■ ej {h+1) ) ® U(Ad{ Wi )n n 
rio)(S>u>i^. T/ien we /iai>e G e^ 1 • • • ef ®l<g>WiV \ n v v = 0} = ej -1 • • • ej 1 ® 
1® H°(Ad(wi)mnn v ,WiV). 

Proof. Take v = e{ 1 ■ ■ • ef 1 ® 1 <g>v G F°(n^, r Wi (C/(fl) ® u{p) V). Then 
for X G Ad(u>i)m n we have X(e^ 1 ■ ■ ■ ej 1 ® 1 ®vq) = 0. By Lemma [8771 
we have ej -1 • • • e^ -1 ®1® Xvq = 0. Hence Xvq = 0. □ 

By the definition of the Harish-Chandra homomorphism, we get the 
following lemma. 

Lemma 8.9. Let q be a parabolic subalgebra of q containing () © Uq. 
Take a Levi decomposition I © u q of q such that f) C I. Let W\ C W be 
the Weyl group of {, V an {-module with an infinitesimal character Jl. Put 
V = H°(u q ,V) and p^ q (H) = (1/2) Tr ad(F)| Uq for H G fj. Then V is 
{-stable and V = 0^^^ ( V) [fi^-jS^] where (V)[wji-p^] ™ the maximal 
{-submodule which has an infinitesimal character wjl — p^ q . In particular, 
for an {-submodule V" ofV, a highest weight ofV'/V" belongs to {wjl — p \ 
w G W}. 

The following lemma is well-known. 

Lemma 8.10. Let V G O' . Assume that V has an infinitesimal char- 
acter A 6 f)*. Then a ^-weight appearing in V is contained in {w\ — p — a \ 
w eW, a G Z> A+}. 

Now we determine the dimension of the space of Whittaker vectors of 
Ii/Ii-i under some conditions. 

Lemma 8.11. Let ft be an infinitesimal character of a. Assume that for 
allw G W\Wm, (A+Jl)-w(\+JI) & ZA. Then we have dim Wh,, {h/L^i ) = 
dim Wh w - 1 v ( (a M n ^-finite ) * ) • 

Proof. Put V = T Wi {U{q) J*{a ® e x+p )). By Theorem EH we 

have Wh r; (/j//j_i) = Wh. v (C(V)). Let ex, . . . , e\ be a basis of Ad(u>j)n n no 
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such that © s<t _ 1 Ce s is an ideal of © s<t Ce s . Moreover, assume that each 
d is a root vector. For k = (ki,...,ki) G Z ? , put e k = e^ 1 ■ ■ ■ e^ 1 . Set 
1 = (1,...,1) G Z'. Then we have 

V= Ce~ (k+1) ®^(Ad(^)nnn^)®^JV®e A+p )- 

Put 

V = e~ (k+1) ® f7(Ad(^)n nii^nm,,)® H°(m n n v , Wi J*{a ® e A+p )) 

ke„4 

where .A = {(ki, ... ,ki) G Z> | if e$ G n^ then k{ = 0}. It is easy to see that 
V is an m,, c^-stable and V' C H°(n v , V). We prove that V = H°(n v , V). 

To prove V = H°(n v ,V), it is sufficient to prove that there exists no 
highest weight vector in H°(n v , V)/V. Let v G H°(n v ,V) such that (m,, fl 
u)v G V. 

First, we prove that v G e _1 ® f7(Ad(wj)n fl tio) ® J*(o" ® e A+p ) + V. 
Take y k G C/(Ad(u; i )n n no") ® J* (a ® e x+p ) such that u = Ek e~ (k+1) ® y k . 
We prove that if k t ^ and G n^ then y k = by induction on i where 
k = (k\, . . . ,ki). Put l t = (<5 s t)i< s <i G Z* (5 st is Kronecker's delta). By 
inductive hypothesis, for s < t such that e s G n„, if y k 7^ then A; s = 0. By 
LemmaE7l(2), we have e t v = EkeZ?^ e~ (k+1)+lt ®y k . Since i; G F ^, V), 
we have e 4 t; = 0. Hence if e -( k + 1 )+ 1 * ^ o then y k = 0. Since e -( k + 1 )+ 1 * = o 
if and only if kt = 0, kt ^ implies y k = 0. We prove that if kt 7= then 
e~( k+1 ) ® y k G V by induction on t. If ej G n^ then this claim is already 
proved. We may assume that e t G m v . Hence e t V C V. By inductive 
hypothesis, if k s ^ for some s < t then e~ ( - k+1 - ) ® y k £ y. Then we have 
e t v ^ EkGZ ; >0 e"( k+1 ) +lt ® y k + by Lemma0(l). Since e t v G V, we 

have £ keZ i ~ e-( k+1 ) +1 ' ®y k G V . By the definition of V', if e -( k+1 ) +1 « ^ 

then e~( k+1 ) ® y k G V. Hence we get the claim. 

We may assume that v is a weight vector with respect to f). We can 
take w £ W such that — w(X + ]T) — p is a fj-weight of t> by Lemma 18.91 
Put pm = y]„ eA + (l/2)a. Since J* (a ® e A+p ) has an infinitesimal character 

— (A + ju + p), a f)-weight appearing in J*(<r®e A+p ) is contained in {— w(\ + 
p + p) — /5m + q I w 6 Wm, a G ZAjy./} by Lemma f8 . 1 1 Since — p G a*, 
we have wp = p for {o G Wjf. Hence we have — wp — pu = ~P — Pm = — p. 
Notice that Wip — p G ZA. Therefore a f)-weight appearing in V is contained 
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in 

- WiWli(\ + J£)- Wip + w(LA M + Z>o(wiA~ n A - ) - Z^u^A - n A+) 

C -WiWM{\ + Jj) - p + ZA. 

This implies that for some w' G Wm, we have w(A + ]2) —Wiw'(A + jT) G ZA. 
By the assumption we have u; G w^Wm- This implies (wt u)(Ad(u;j)-ff) = 
— (X(H) + w^ l p~{H)) for all # G a where wt u is a ^-weight of u. 

Take T p G C/(Ad(u; i )n n So) and x p G WiJ*(a ® e A+p ) such that t> G 
^e' 1 (8> Tp x p + V. We may assume that T p (resp. x p ) is a f)-weight 
vector with respect to the adjoint action (resp. the action induced from 
a ® e A+p ). We denote its fj-weight by wtT p and wtx p . Fix H G o. Then 
a(H) = for all a G Am- Since wtx p G — w«(Wm(A + ju) + p + ZAm), 
(wta?p)(Ad(u> f )£r) = -(A + p){H). Hence 

(wtt>)(Ad(w i ) J fr) 

= (wt(e~ 1 ) +wt(T p ) +wt(x p ))(Ad(w t )(H)) 

= (wt(e- 1 )(AdK)F) + (wtTp)(AdK)^) " (A + p){H) 

= (wt(e- 1 )(AdK)F) + (wtTp)(Ad( Wi )H) - (A + $(#)■ 

We calculate wt(e _1 )(Ad(wi)F). By the definition, wt(e _1 )(Ad(wi)F) = 
Tr ad(Ad(wj)if)| Ad ( M , i )n nno . Since we have Ad(^)n n n = Ad(wi)r^ n n , 
we have 

Trad(Ad(^)i?)| Ad(tUi)T!nno = Tr ad(Ad(w;)ii")| Ad(w . )wnno 

Trad(F)| AdK) -i nonw = {-p + W r l p)(H). 

Hence we get 

(wt«)(Ad(wi)fl") = (wtT p )(Ad(u; i )^) - (A + wf ^(tf). 

We have already proved that (wt v)(Ad(^j)-ff) = —(A + u^/T^-ff). There- 
fore we get (wt Tp)( Ad(wi)F) = for all H G a. Since T p G *7(Ad(t0i)n), 
this implies T p G C, i.e., there exist v' G e^ 1 • • • ej 1 ® l®WiJ*(a®e x+p ) and 
v" G V such that v = v' + v". Therefore n^^v') = n v (v — v") = 0. Hence, 
v' G V by Lemma EH Therefore H°(n v , V) = V . 

For an mo © ao-module r and a subalgebra c of g containing mo © Oo, 
put M c (r) = U(c) ®u(cnpE) ( T ® z 9 ') where no n c acts on r trivially and 
p\H) = (Tr(ad(tf)| cnw ))/2 for H G a . 
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For A G fj* such that A|mo is regular dominant integral, let & M A \ be the 

finite-dimensional representation of MqAq with an infinitesimal character A. 
Let chM be the character of M. We can take integers cr such that 

ch D'H°{n ri n Ad( Wi )m, Wi J*{a <g> e x+p )) 

= C A ch M KnAdK)m)+oo ( a M A ,\) 
A 

Then we have chD'V = J2\ c \ c ^ -^nv,es ( a M A >)' ^ e f unc tor X ^ 
Wh^| m nn (X*) is an exact functor by a result of Lynch |Lyn79| , Hence, 
we have dimWh^^ (C(V')) = Ea c a dim Wh,,^^ (M^^a^^)*). 
Lynch also proves dimWh^^^^M^^^^)*) = dima^^. There- 
fore, by Lemma [8T6l we have dim Wh^(Jj/Jj_i) = dimWh^ nn {C{V')) = 
E5; c\ dima MoAo j. By the same argument we have 

A 

= Yl °X dim W Nlm^nAd(» l)m nn ( M (m^nAdK)m)+ao(°"MoAo,A)*) 
A 

= dimWh.i^^^^^^C^K n AdMm,^J> e> e^))) 
= dimWh^^^^jC^JV e A +"))) 
= dimW\,-i_(C7(J*((T e x+p ))) 
= dim Wh ^((ojvf n if-finite)*)- 
This implies the lemma. □ 

Theorem 8.12. Lei Jl be an infinitesimal character of a. Assume that 
for allw eW\ W M , (A + Jl) - w(X + /Z) ZA. Then we have 

dimWh r? ((I(cr, A)^_ finite )*) = ^ dim Wh^-i^ ((a M n if -finite)*)- 

«>eW(M) 

PROOF. Since a rj-weight appearing in T Wi (U(g) ®u(p) ® e A+p )) be- 
longs to {— Wiw(X + Jl) — p + a \ w £ Wm, ct E A}, the exact sequence 
T Wi (?7(g) ® u(p) J*(ct e A +0) -» splits. Hence, we 

have J*(J((7, A)) = ©^^(^([/(fl) J*(a ® e A +")))). Therefore the 

theorem follows from Lemma 18.111 □ 
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Finally we study the case of a is finite-dimensional. If a is finite- 
dimensional, then m n no acts on a nilpotently. Hence Wh -1 (a*) / 

if and only if w^-q = on m fl no- 

Definition 8.13. Let G,6i,@2 be subsets ofH. 
(1) Put W{@) = {w G W | w{&) C £+} and £© = Z9 n £. 

(2; w(ei, e 2 ) = {™ e w(Gi) n w(®2) -1 1 ^(s Gl ) n e© 2 = 0}. 

(3) Let We be the Weyl group o/E©. 
Lemma 8.14. Let 9 be a subset of n corresponding to P. 

(1) We have #VF(sup P?? , 9) = #{u> G W{M) | w(S+)nS+ = 0}. 

(2) We have #W(suppr],Q) x #W suppT] = #{w G W(M) | supp?? n 
w(E+) = 0}. 

Proof. (1) Put W = {w G W(M) | iy(£+) n £+ = 0}. Let iw^o be the 
longest Weyl element of Wm v - We prove that the map W — > W(supp?7, 9) 
defined by u> h-> (io^ow)" 1 is well-defined and bijective. 

First we prove that the map is well-defined. Let w G W. The equation 
u>(£ + ) n £+ = implies that (u^o^) -1 ^^) c £ + . Hence, (w V flw) _1 G 
VF(supp??). Moreover, w(£ M ) C £ + and it;(£ + ) n £+ = imply that 
«/(£+) CE+n(E\ £+) = £+ \ £+ Hence, (^ )0 ti;)(E+ ) C £+ \ £+ C E+. 
We have (w^w)' 1 G W(G)- 1 . Finally w(E+ ) C E+ \ £+ implies «/(£) C 
E \ E^. Hence we have (w r]> ow)~ 1 '51 v (~l Em = tf _1 E, ; n Ea/ = 0. 

Assume that {w n $w)~ l G P^(supp?7, 9). Then (w r) fiw)~ 1 (T,^) C E + 
implies that w (£ + )n£+ = 0. Since (w V fiw)~ 1 Y lri P\Y l M = we have iw(Eju-)n 

= 0. By (u^o^XE^) C £+ and w(£+) n E+ = 0, we have w(£+) C 
((E + \E+)UE-)n(E\E-) = (E+\E+). Consequently we have w G W(AT). 

(2) Put W = {w e W(M) | supp?? n w(£ M ) = 0}. Define the map 
99: H^(supp??, 9) x W suppri — > W by (w\,W2) > ^toj" 1 . This map is in- 
jective since M^(supp??, 9) C ^(supp??). We prove that 92 is well-defined 
and surjective. Since wf 1 (E Af ) = wf 1 (E Af ) n E + C E + \ £+, we have 
w 2 w^ 1 {T^) C £+ \ S+. Hence, ip is well-defined. Next let w G W. 
Let G ^(supp??) -1 and u>2 G Ws Uppr) such that w = W2W^[ 1 . Then 
wjf 1 (E Af ) = w 2 ' 1 u;(E Af -) C w 2 ~ 1 (£ + \ E+) = E + \ £+. This implies w\ G 
W(suppry, 9). □ 



45 



Noriyuki Abe 



Lemma 8.15. Assume that a is irreducible and finite-dimensional. Let 
ft be the highest weight of a and V the irreducible finite- dimensional repre- 
sentation of MqAq with highest weight X + Jl. Then we have cr/(mnno)o" — V 
as an M^A^-module. In particular, dim Who (V) = diml/. 

Proof. We prove that Wh (<7*) ~ V* . Let wm,o be the longest element 
of Wm- Then both sides have a highest weight —WM,o(fi + A) and the space 
of highest weight vectors are 1-dimensional. □ 

As an Corollary of Theorem 18.51 and Theorem 18.121 we have the fol- 
lowing theorem announced by T. Oshima. Define pm £ h* by pm = 
(V2) £ a6A + a. 

Theorem 8.16. Assume that a is the irreducible finite- dimensional rep- 
resentation with highest weight T> . Let dim^A + v) be a dimension of the 
finite- dimensional irreducible representation of MqAq with highest weight 
X + u. 

(1) Assume that for all w £ W such that rj\ wNow -i nNo = 1 the following 
two conditions hold: 

(a) For all a G S + \w" 1 (S] f UE+) we have 2(a, X+wqv) /\a\ 2 $ Z<o- 

(b) For allw eW we have X - w(X + T> + PM)\ a £ Z< ((S+ \E^) n 
w-^+)\ a \{0}. 

Then we have 

dimWh r? (/(tT,A) / ) = #W(supp77,0) x (dim M (X + u)) 

(2) Assume that for all w <G W \ W M , (X + u) - w(X + v) £ A. Then 
we have 

dim Wh r? ((/(cr, A)^_ fini t c )*) 

= #W(suppr?,6) x #W Buppv x (dim M (A + v)) 

§A. C°°-function with values in Prechet space 

§A.l. /^-distributions and tempered /^-distributions 

Let M be a C°°-manifold, V a Frechet space and C a vector bundle on 
M with fibers V. We define the sheaf of /^-distributions as follows. 
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First we assume that L is trivial on M. Then the definition of C- 
distributions is found in Kolk-Varadarajan KV96J and it is easy to see that 
/^-distributions makes a sheaf on M. 

In general, let M = (JagA be an open covering of M such that on 
each U\ the vector bundle C is trivial. For an arbitrary open subset U of 
M, put 



V'(U, C) = I (x x ) G V'(U n U X , C) 
I AeA 



x x = xy on Ux n Ux 



It is independent of the choice of an open covering {Ux} and defines the 
sheaf of /^-distributions on M. 

Now assume that M has a compactification X, i.e., M is an open dense 
subset of a compact manifold X. In this case, we define a subspace T(M, C) 
of V{M,C) by 

T(M,C) = {x£ V'(M,C) I x = z\m for some z G T>'(X,£)}. 

An element of T(M.C) is called a tempered /^-distribution. 

For a subset M C M, put V' Mo (U,C) = {x G V'(U,C) I suppx C Af } 
and Tm (M,C) = {x G T(M,C) | suppx C Afo}. Assume that Mo is a 
closed submanifold of M. Then dualizing the restriction map C£°(M,£) — > 
C£°(M ,£), we have an injective map X>'(M ,£) -> V' M(j (M,C). This 
map also implies T(Mo,£) — ► Tm (M, C). Using these maps, we regard 
V(M ,C) and T(M ,£) as a subspace of T>' Mq (M,C) and T Uo (M,£), re- 
spectively. 



§A.2. /^-distributions with support in a subspace 

Let M be a Euclidean space M n = {(aq, . . . ,x n ) G R n } and Mq a sub- 
space M n_m of M defined by the equation x\ = ■ ■ ■ = x m = 0. Assume that 
M has a compactification X. Let Ex, ... , E m be vector fields on M such 
that: 

(1) for all if G C°°(M) we have (£^)|m = (^)|m - 

(2) A space ^-^i * s a Lie algebra. 

Set = The condition (1) implies that D(F = E{F for all 

T G P'(M ,/:). 1 Put U n (Ek,...,E m ) = £ fel+ ... +fcm < n Ci^---£f< and 
I7(£? a , . . . , E m ) = Y, n U n(Ei, ...,E m ). Then the algebra U(E U ...,E m ) 
is isomorphic to the universal enveloping algebra of £™ 1 CEj. For a = 
(aq, . . . , a m ), put E a = E^ ■■■ E^ where £$> = 1. 
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Lemma A.l. Let E[,...,E' m be vector fields on M which satisfy the 
same conditions of Ex,... , E m . We have 

E a T G (E') a T + U lahl (E[,. . . , E'JT(M , C) 

for T G T(M , C) and a G Z^ Q . 

Proof. First we remark that if the order of differential operator P is less 
than or equal to k, then we have P(T(Mq, £)) C U k (Dx, ■ ■ ■ , D m )T(Mo, C). 
Take P G U k -i(Ex,. . . , E m ). Then we have 

EiPT = [E u P]T + PEiT = [E u P]T + PD{T = [E { - D h P]T + D { PT 

G DiPT + l7 fc _i(Di, . . . , D m )T(M , C) 

since the order of [Ei — Di,P] is less than or equal to k. Hence, using 
induction on \a\, we have E a T G D a T + E7j a |_ 1 (Di, . . . , D m )T(M ,C). 

Hence we have U k (E x , E m )T(M ,C) C U k (D x ,..., D m )T(M , C). 
We prove U k (Ex, . . . , E m )T(M , C) = U k (D x , ■ ■ ■ , D m )T(M , C) by induc- 
tion on k. If k = then the claim is obvious. Assume that k > 
then the above equation and inductive hypothesis imply that if \a\ = k, 
then we have D a T G E a T + U k -i(Ei, . . . , E m )T(M , C). Hence we have 
U k (Dx,...,D m )T(M ,C) c U k (Ex,...,E m )T(M ,C). 

The same formulas hold for E[, ... , E' m . Hence, we have 

E a T G D a T + U ]ahl {Dx, . . . , D rn )T(M , C) 

= (E') a T + U lahl (Dx, D m )T(M , C) 

= (E') a T + U ]ah x(E[, . . .,E' m )T(M Q , C). 

□ 

Proposition A. 2. A map <£>: f/(£a, . . . , E m ) ®T(M , C) -> T Mo (M,C) 
defined by P ®T i— > PT zs isomorphic. 

PROOF. First we prove that $ is injective. Let Yla&L m E a <8> T a (finite 
sum) be an element of U (Ex, ■ ■ ■ , E m )®T (Mq, C\m )- Set T = Eaez™ E a T a 
and assume that T = 0. Put k = max{|a| | T a ^ 0}. We prove that k = 
— oo. Assume that > 0. By Lemma lA.H if \a\ = k then E a T a G D a T a + 
U k -x(Di, ■ ■ ■ )D m )T(MQ,C). There exist T' a such that J2 a &z m E a T a = 

E aeZ ™, \ a \ <k D a TL + Ea£Z ?0 , |a|=fc^a- Fix Z 3 G Z >0 Such That |/?| = 

A; and / G C°°(-Mq) with values in C. Define a function 99 on M by 
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ip(xi,...,x n ) = xf 1 ■ ■ -Xm /(0, . . . ,0,x m+ i, . . . ,x n ). Then we have = 
(T,ip) = 0%\ • ■ ■ m \{Tp, /} . Since / is arbitrary, we have Tg = for all 
j3 such that \/3\ = k. This is a contradiction. 

We prove that 3> is surjective. Take an open covering X = IJagA ^\ such 
that U\ is isomorphic to a Euclidean space and Mq n U\ is a subspace of 
U\ where Mq is a closure of Mo in X. Since X is compact, we may assume 
this is a finite covering. It is sufficient to prove that the map $ is surjective 
on U\ H M. However the surjectivity of $ on U\ H M follows from |KV96^ 
(2.8)]. ' □ 



§A.3. Distributions on a nilpotent Lie group 

Let N he a. connected, simply connected nilpotent Lie group. Put n = 
Lie(A^)c- Then the exponential map exp: Lie(iV) — > N is a diffeomorphism. 
A structure of a vector space on N is defined by the exponential map. Let 
V{N) be a ring of polynomials with respect to this vector space structure 
(cf. Corwin and Greenleaf [CG901 §1.2]). 

Let £ be a vector bundle on N whose fiber is V and assume that C 
is trivial on N, i.e., C = N x V. Fix a Haar measure dn on N. For 
F € C°°{N, V), we define a distribution F5 by (FS, <p) = J N F(n)(ip(n))dn. 
Then we regard C°°(N,V') as a subspace of V(N,C). Let V k {N) be the 
space of polynomials whose degree is less than or equal to k. Put V(N) = 

Take a character r/ of n. Then r\ can be extended to the C-algebra 
homomorphism t/(n) — > C where C/(n) is the universal enveloping algebra 
of n. We denote this C-algebra homomorphism by the same letter r/. Let 
Kerry be the kernel of the C-algebra homomorphism r/. For X £ n and 
C°°-function ip, put (Xip)(n) = ^(exp(-tX)n)\ t =o- 

The algebraic tensor product C^°(N)<giV is canonically identified with a 
linear subspace of C^°(N,C) via y>g)« (ih yj(x)u). As in [KV961 (2.1)], 
this is a dense subspace of C£°(N,£). 

Proposition A. 3. For all k € Z>o, i/tere exists a positive integer I such 
that, ifTe V{N,C) satisfies (Ker r)) k T = then T G (^i(iV) 

Conversely, for all I E Z>o i/iere exists a positive integer k such that 
(Kern) k (Vi{N)®V')5 = 0. 

PROOF. Fix a basis {ei, . . . , e n } of Lie(A r ). The map W 1 — > defined 
by (xi, . . . ,x n ) i— > exp(xiei + • • • + x m e m ) is an isomorphism. Using this 
map, we introduce a coordinate (x±, . . . , x n ) of A". If V = C then this 
proposition is well-known. Fix v G V and consider an ordinal distribution 
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T v : ip ^ (T,ip ®v) for if G C c °°(iV). If T satisfies (Kerry) fc T = 0, then T v 
satisfies (Ker?y) fc T l , = 0. Hence for some I, T v = Y^ ai +---+a n <i( x T ' ' ' C ® 
Cv, Ql ,...,a n )5, where c„ jQlj ... jan G C. The map t> i— > c Vi0llr „ jan is continu- 
ous linear. Hence it defines an element of V . We denote this element 
by v' aij >oln . Then for <p G C£°(iV) and u G V we have (T, ip v) = 

(®2 ai l'.+a n <l x ? 1 ■ ■■ x % n ®<i,...,a n ) 6 , i P® v }- Since C?(N)®V is dense in 
C~(iV,£), we have T = (£ ai+ ... +a „<, • ® < lr .., a J5. 

We prove the second part of the proposition. For X G n, / G Vi(N) and 
u' G V', we have X((f v')5) = ((Xf) ® v')5. Hence we may assume that 
V = C. In this case, the claim is well-known. □ 

Corollary A. 4. Let T G T>'(N,£). Assume that there exists a positive 
integer k such that (Ker r]) k T G (V(N) <g> V')5. Then we have T G (V(N) ® 
V')S. 

Proof. By the second part of Proposition IA.3t there exists a positive 
integer k' such that (Ker?7) fc T = 0. Hence we have T G (V(N) (8) V')S by 
the first part of Proposition IA.31 □ 
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